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PEACTICAL 



GEOMETRY OF PLANES AND SOLIDS. 



CHAPTER I. 

INTKODUCTION. 

1. The object of Descriptive Geometrt is to resolve, by 
means of constructions in a single plane, problems involving 
three dimensions of magnitude. This end is effected by the 
Method of Projections^ which consists in referring points in space 
to two given planes intersecting at a known angle. 

2. The given planes are called the Planes of Projection. 

3. The Projection of a Point is the point in which the per- 
pendicular, drawn from the point to the plane of projection, 
meets the plane. 

4. This perpendicular is called the projector of the point. 
Thus if A (Fig. 1) be a point in space, M N and N P the - 

planes of projection, cutting each other in xy, and A a be drawn 
perpendicular to the plane N P, a will be the projection of A on 
N P ; A a, its projector. Similarly, A a' and a' are its projector 
and projection, with reference to the plane M N. 

5. When the projectors are perpendicular to the planes of 
projection the projection is said to be Orthographic. 

II. . B 

/ 
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6. The Projection of a Line is the line which passes through 
the projections of all points in that line. 

Fig. 1. 




7. The Projecting Surface of a Line is the surface, plane or 
otherwise, which contains the projectors of all points in that line^ 

If A K (Fig. 2) be any line in space a, c, d, «,/, 5, &c., the 
projections of its several points on the plane N P, the line 

Fig. 2, 
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acdefhghky which passes through all these points, will be 
the projection of A K on the plane N P, and the surface A a ^ K 
will be its projecting surface. 

The projection of a line always contains the projections of all 
points and lines on its projecting surface. 
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8. Theorem. — The projection of a straight line is a straight 
line. 

For the projectors of all its points, being drawn from points in 
a straight line, and being also perpendicular to the plane of pro- 
jection, are in one plane (Euc. xi. 6, and i. def. 35). The 
intersection of this plane with the plane of projection being the 
line which passes through the projections of all points in the 
given line^ is the projection of that line (6), and it is a straight 
line {Euc, xi. 3). 

It is thus evident that the projecting surface of a straight line 
is a PLANE. Also that the projection of a straight line is deter> 
mined by the projections of any two points in that line, since only 
one straight line can pass through the same two points. 

In Fig 3, let a and b be the projections of A and B, any two 
points, in the indefinite straight line G D, in space ; the straight 



Fig. 3. 




line c d, passing through a and b, will be the projection of C D,' 
on the plane N P. 

9. Since A a and B b are perpendicular to N P, the plane 
AabB is perpendicular to N P (^Euc. xr. 18). Consequently 
the projecting surface of a straight line is the plane which 
contains the line, and is perpendicular to the plane of projection. 

10. If a straight line is perpendicular to the plane of projec- 

B 2 



4 INTKODUCTION. 

tioD, its projection is a point, since the projectors of all points 
in the line coincide with the line itself« 

1 1 . If two straight lines are parallel, their projections upon the 
same plane are parallel {Euc. xi. 16). In order, therefore, 
to construct the projections of two parallel lines, it will be suffi- 
cient to know the projections of two points in one of them, and 
of one point in the other. 

12. When the line projected is not a straight line, its projecting 
surface will generally be what is termed a cylindrical one, and its 
projection a curve. If, however, the curve is a plane curve, and 
its plane is perpendicular to the plane of projection, its projection 
will manifestly be a straight line. 

13. If a line is situated in a plane parallel to the plane of 
projection, its projection is equal to the line itself. In the 
case of a straight line this is evident from Euc. i. 33. In the case 
of a curve, the line and its projection may be considered as the 
intersections of a cylinder by two parallel planes. 

14. Theorem. —If- two planes cut each other^ and a point he 
projected on both of them, the perpendiculars drawn from the 
projections to the intersection of the planes will meet that inter- 
section in the same point. 

Let the planes M N and N P (Fig 1 ) cut each other in x y. 

Let a a' be the projections of a point A in space, upon N P 
and M N respectively. 

Then the plane a' A a will be perpendicular to M N and N P 
{Euc. XI. 18), and will cut x y m some point jt?; consequently 
{Euc. XI. 19), a; y is perpendicular to the plane a A a' ; the angles 
ypa and ypa' are therefore right angles {Euc. xi. def 3). Now 
the straight lines p a and p a' pass through a and a\ the projec- 
tions of A ; therefore the perpendiculars drawn from a and a' 
must meet x y m the same point. 

Conversely. When two points, one in each plane of projection, 
are so situated that the perpendiculars drawn from them to the 
intersection of those planes meet the intersection in the same 
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point, tliese two points may be considered as the projections of a 
single point in space. 

15. A straight line is generally determined by its projections 
on two given planes, since the line itself is the intersection of its 
projecting planes. When however the projections are perpendi- 
cular to the intersection of the planes, a third plane of projection 
will be necessary to determine the line, since the projectiops 
may be those of any line in a plane perpendicular to both planes 
of projection. 

16. Two straight lines assumed arbitrarily, one in each plane 
of projection, can be considered as the projections of the same 
straight line in space, only when the planes containing those 
lines, and perpendicular respectively to the planes of projection, 
are not parallel. Similarly, two curves, one in each plane of pro- 
jection, can be considered as the projections of the same curve 
in space, only when the cylindrical surfaces passing through 
these curves, and perpendicular respectively to the planes of pro- 
jection, cut each other. The curve itself will be the intersection 
of these surfaces. 

17. The Trace of a Line is the point in which it meets the 
plane of projection. 

18. The Trace of a Plane is the line in which it intersects 
the plane of projection. 

19. A plane is determined by its traces, since only one plane 
can pass through the same two straight lires. 

20. The intersection of the planes of projection is called the 
Ground Line or Axis. 

21. If a plane is not parallel to the ground line it must meet 
it in a point common to both of its traces. 

22. If a plane is parallel to the ground line its traces are also 
parallel to the ground line. 

This is evident, for since the axis is parallel to the plane it 
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cannot meet it, and consequently cannot meet the traces which 
are lines in the plane ; but each trace and the axis are in one 
plane, therefore they are parallel (Euc, i. def. 35). 

If a plane is perpendicular to the axis, its traces are perpendi- 
cular to the axis (Euc. xi. 19, and def, 3). 

If a plane is parallel to one plane of projection its trace upon 
the other is parallel to the ground line {Euc, xi. 16). 

If a plane contains the axis, a third plane of projection is 
necessary to determine it. 

23. No reference has yet been made to the magnitude of the 
angle contained by the planes of projection. In what follows 
this angle will be assumed to be a right angle, since that suppo- 
sition simplifies the constructions employed in the solution of 
problems. 

For the sake of distinction, one plane of projection will be 
called the Vertical Plane, the other the Horizontal. 

24. Traces and projections are called Vertical or Horizontal 
accordingly as they are in the vertical or the horizontal plane. A 
Vertical projection is sometimes called an Elevation, and a 
horizontal projection is called a Plan. 

25. A Horizontal Line is a line parallel to the horizontal 
plane. 

26. A Vertical Line is a line perpendicular to the horizontal 
plane. 

27. The following consequences result from assuming the 
planes of projection at right angles to each other. 

1. The projections of all points in the planes of projection are 
in the ground line. 

IL The projections of all lines situated in a plane parallel 
to one of the planes of projection are parallel to the ground line. 

III. If a plane he perpendicular to one plane of projection^ 
and not parallel to the other, its trace upon that other is per- 
pendicular to the ground line (Euc. xi. 19, and def, 3). 
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IV. The distance of the elevation of a point from the ground 
line shows the distance of the point from the horizontal plane : 
the distance of the plan of a point from the ground line shows 
the distance of the point from the vertical plane. 

28« From the foregoing explanatdons it might be inferred 
that two planes are necessary in order to represent plans 
and elevations in their real magnitude. Such, however^ is not 
the case, since all constructions required may be united in one 
drawing and on a single plane, by supposing one of the planes of 
projection to revolve about the ground line until it coincides 
with the other plane of projection. In practice it is usual to turn 
the vertical plane back about the ground line, until it coincides 
with the horizontal plane. 

Thus, in Fig. 4, the vertical plane, a?yM, revolves about xy 
until it takes the position x y u', when xyZy the horizontal plane, 

Fig. A. 







and xyu' form one plane. All constructions will now be made 
in the horizontal plane, and in order to arrive at a correct idea 
of the relative positions- of points, given by their projections 
only, the vertical plane must be conceived to take its original 
position. For example, if a a' be the projections of a point A 
in space, the point a coming to the position a" ; and the plane 
X y u' he supposed to make one-fourth of a revolution about x y. 
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80 as to take the position x y u, and from a and a" two straight 
lines be drawn perpendicular to x y z and x y u respectively, 
these perpendiculars will intersect in a point which will be A. 

29. Afler the vertical plane has been turned down to coincide 
with the horizontal plane, that portion of it which was below the 
ground line, as x y r, will take the position x y r^» Any eleva- 
tions on it will therefore be in front of the ground line. 

It is evident that points in space will be represented by their 
projections only. 

30. Theorem. — The straight line which joins the plan and 
the elevation of a point is perpendicular to the axis. 

This follows at once from (14) ; for during the revolution of 
xyu about xy (Fig. 4), pa" remains perpendicular to x y, 
therefore {Euc. i. 14), a a' is a straight line, and it is perpen- 
dicular to X y, 

31. Theorem. — If a straight line is perpendicular to a plane 
its projections are respectively perpendicular to the traces of that 
plane. 

For, the trace of the given plane is the line in which it cuts 

the plane of projection (18); 
The projecting plane of the line is perpendicular to the plane 

of projection (9), and also to the given plane {Euc, xi. 

18). 
The trace is therefore perpendicular to the projecting plane 

{Euc, XI. 19) ; and 
Consequently, to the projection of the line {Euc, xi. def 3). 

32. A Dihedral Angle is the angle contained by two inter- 
secting planes. 

33. The Profile Angle of two planes is the angle con- 
tained by the two straight lines in which these planes are cut by a 
third plane, at right angles to both of them. This third plane is 
called a Profile Plane. Since these lines are perpendicular to 
the intersection of the two given planes .(-fiJac. xi. 19, and def 3), 
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the profile angle will be the measure of the dihedral angle (Euc. 
XI. def, 6)^ 

34. Theorem. — The profile angle of two planes is the greatest 
angle which any straight line in one plane can make with the 
other plane. 

Let AB (Fig. 5) be the intersection of two planes, M AB, 
N B A, P C D their profile angle (33). In A B take any point 

Fig. 6. 




F, draw P D, perpendicular to C D, it will be pei'pendicular to 
the plane NBA (Euc. xi. def. 4), join P F and D F, make D E 
equal to D C, and join P E. Then {Euc. i. 4) the angle PCD 
jis equal to the angle P E D ; but the angle P E D is greater than 
the angle P F D {Euc. i. 16), therefore the angle P C D is greater 
than the angle P F D, which is the inclination of a line P F in 
the plane M A B to the plane NBA; and the same may be 
proved of any other such line. 

Cor. 1. Let E C G be a circle, whose centre is D and radius 
D C, then, since the angle P C D is equal to the angle P E D 
equal to the angle PGD, it is evident that all straight lines 
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passing tbrougb a given point, and making a given angle with a 
given plane, meet that plane in the circumference of a circle 
whose centre is the point in which the perpendicular drawn iron^ 
the point to the plane meets the plane. 

Cor. 2. The projection of the line P C on the plane N B A is 
the line C D, which, by plain trigonometry, is equal to the line 
P C multiplied by the cosine of the angle PCD. If, therefore, 
L be the length of a straight line, 6 the angle at which it is in- 
clined to the plane of projection, P the projection, 

P=Lxcos6>. 

35. The Notation employed in Descriptive Geometry should 
tbe simple and uniform. In the following problems points in 
Ispace will be denoted by italic capitals, as ^, J?, (7 ; die plans of 
these points by the corresponding small letters, as a, 5, c ; their 
elevations by the same small letters distinguished by an accent, 
thus, a', ft,' c'. 

The point (a, a') will therefore denote the point A in space, 
whose plan is a, and elevation a'. 

The line (a ft, a' h') will denote the Hike .^ ^ in space, whose 
plan and elevation are a ft and a' ft' respectively. 

36. It has been shown (28) that the eonstructions in Descrip- 
tive Geometry are all brought into one plane by supposing the 
vertical plane of projection to revolve about the groimd line 
until it coincides with the horizontal plane. A similar process, 
viz., turning any plane about one of its traces until it coincides 
with tbe plane containing that trace, often facilitates the solution 
of problems. 

This method of solving problems (called by French writers 
La methode des Rabattements) depends upon the following 
principle ; — 

After a plane has been turned about one of its traces until it 
coincides with the plane of projection containing that trace, any 
point in the plane will be situated in a straight line drawn through 
the projection of the point, perpendicular to the trace. The dis- 
tance of such point from the trace will be equal to the hypothenuse 
of a right-angled triangle, whose hose is the distance of the pro- 
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jection from the trace, and whose perpendicular is the distance of 
the point from the plane of projection containing the trace. 

This will be made evident by drawing a profile plane through 
the point, for then the projector of the point will be the perpen- 
dicular of the triangle, the intersection of the profile plane with 
the plane of projection will be its base, and the intersection of 
the profile plane with the given plane will be its hypothenuse. 
After the revolution of the plane this hypothenuse will either co- 
incide with the base, or be in the same straight line with it, and 
the point in question will be at the extremity of the hypothenuse 
in its new position. 

The application of this method to a given plane will now be 
explained. 

I. When the given plane is perpendicular to both of the 

planes of projection, 

II. When it is perpendicular to one of them only. 

III. When it is perpendicular to neither of them. 



I. Let (a, a') (Fig. 6) be the point situated in the plane MNP, 
which is perpendicular to both of the planes of projection. The 
traces MN and NP will form a straight line perpendicular 
to xy. 

In this case, when the plane has been turned about its hori- 
zontal trace M N, the distance of the point A from that trace will 
evidently be equal to N a\ If, therefore,* with N as a centre, 
and a radius N a', a circle a' a" be described, cutting a; ^ in a'\ 
and a" O be drawn perpendicular to a; ^, and a A perpendicular 
to M N, A will be the point required. In the same manner a 
second point B (&, V) may be found, and thus the straight line 
A B containing these points is determined. 

By a similar construction A' and B' may be found when the 
plane has been turned about its vertical trace, as shown in the 
figure. 

Conversely, If A be given to find a and a', draw A a perpen- 
dicular to M N, and cutting it in a ; draw A a" perpendicular to 
X y, and meeting it in a" ; with N as a centre, and a radius Na'', 
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describe the circle a" a', cutting N P in a' ; a and a' vrill be the 
projections of A. 

Fiff, 6. 

p 




II. Let the point (a, a') (Fig 7) be situated in the plane M N P, 
which is perpendicular to the horizontal plane only. N P will 
be perpendicular to a;y (Euc. xi. 19). 

If the plane be turned about its horizontal trace M N, the dis- 
tance of the point A from M N will evidently be equal to a a', 
a a! being a straight line perpendicular to a; y (SO). 

Draw a A perpendicular to M N, make it equal to a a' ; A 
will be the position of the point (a, a') after the plane has been 
turned down. In the same manner B (&, &') may be found; 
and thus the straight line A B passing through these points is 
determined. 

Conversely, If A be given to find a and a'. 

Draw A a perpendicular to M N ; a will be the plan of A ; its 
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elevation will be in a a', drawn from a perpendicular to xy (30), 
and at a distance a a' from x y^ equal to A a. 

Again ; if the plane be turned about its vertical trace. The 
point (a a') will be situated in a straight line drawn through a' 
perpendicular to N P ; the distance of A' from N P will, by the 
principle enunciated (36), be equal to N (>, the hypothenuse of 



Fig.l, 




the right-angled triangle N a a ; because, in this case, the profile 
plane is parallel to the horizontal plane. In the same way B' 
may be found, and the straight line A' B' determined. The point 
v'j in which A' B' meets N P, will be the vertical trace of the line 
(a ft, a' h') : the point h"y in which A' B' meets x y, will be the 
position which the horizontal trace of the line takes after the 
plane has been turned into coincidence with the vertical plane. 
If the . constructions have been correctly performed the circle 
described with N as a centre, and radius N A, will pass through 
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h" ; h being the point in which h' h drawn from A' perpendicular 
to X y cuts M N ; A' being the point in which a' 6' produced 
meets x y. 

Conversely, To determine a and a' when A' is given. Draw 
A' a!" perpendicular to N P ; a' will be in this line ; draw A' a' 
perpendicular to a; ^ ; with centre N, and radius N a', describe a 
circle cutting M N in a, a will be the plan of A ; through a draw 
a a' perpendicular to a? y, and cutting A' a"' in a' ; a' will be the 
elevation of A. 

III. Let the point (a, a') (PI. I. Fig. 1) be in the plane MNP, 
which makes oblique angles with both of the planes of projection, 
and is not parallel to the ground line. 

Referring to the principle set forth (36), the point (a, a') will, 
after the plane has been. turned about its horizontal trace, be 
situated in the straight line drawn from a perpendicular to M N, 
its distance from M N being equal to the hjpothenuse of a right-^ 
angled triangle, whose base is a , a", and perpendicular a a'. 
This triangle may be constructed on the horizontal plane, as 
a a" ni or on the vertical plane, as a a' m. With centre a", and 
radius a" n, describe a circle cutting a a" produced in A. A will 
be the point required. A second point B may be found in the 
same manner, and thus the straight line A B determined. 

Cor, It is evident that each of the angles a' m a and a a" n 
measures the inclination of the plane M N P to the horizontal 
plane. 

As a particular case of this problem let it be required to con- 
struct the vertical trace N P. Find, as above, the position V of 
(v, v') a point in the vertical trace ; join N V ; N V will be the 
line required, and the angle M N Y will be the angle contained 
by the traces in space. 

Conversely, Let a and a' be required when A is given. The 
plane may be given either by its traces M N and N P ; or by its 
vertical trace N P, in the position N P', and its horizontal trace 
M N. In both cases the right-angled triangle tvr^ corresponding 
to the construction of V (v, t/), may be described. For, if M N 
and N P be given, v r=t; r' ; and t v are known. If M N and 
N P' be given, t v and t r^=t V are known. 

Draw A a" perpendicular to M N ; and construct the right- 
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angled triangle a" a n, in which a" n = a"A ; and the angle 
aa" n^= the angle vtr: a will be the plan of A ; its elevation 
will be in a a'^ perpendicular to a; ^, at a distance from x y, 
a a'=a n. 

37. Every sur&ce may be considered as having been generated 
by the movement of some line, constant or variable in magni- 
tude. Whatever be the surface under consideration, the ele- 
ments necessary to determine it must always be found in its 
definition, in its generation, or in its properties. So that, these 
elements being known, the solutions of all problems relative to 
that surface may readily be deduced therefrom. 

38. The generating line is called the generatrix of the surface. 
The movement of the generatrix is regulated by one or more 
fixed lines ; these lines are called the directrices of the surface. 
A surface may be represented graphically by the lines which 
constitute its generation ; a mode of representation remarkable 
alike for elegance and simplicity, as will hereafter be seen. 
Since, however, each particular surface is capable of being gene-' 
rated in various ways, that method of representation should be 
chosen which is simplest, and best adapted to the problem under 
discussion. 

A plane may be regarded as if generated by the movement of 
a straight line resting on both of the traces ; or by a straight line 
which, resting on one trace, or on any straight line in the plane, 
ZQOves parallel to the other trace. In this case, should the gene* 
rating line move parallel to the horizontal trace, the plane would 
be represented by a series of straight lines parallel to the hori- 
zontal trace. A plane may also be generated by a straight line 
turning perpendicularly about a fixed straight line which it 
always meets in the same point. 

39. A spherical surface is generated by the revolution of a 
circle about one of its diameters which remains fixed. Here the 
generatrix is a circle, constant in magnitude ; the fixed diameter 
is the directrix, and the surfiice may be represented as shown in 
Fig. 7a. The spherical surfruse may also be considered as geue- 
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imted bj a circle, whoee plane is peqjendicular to a diameter 
of the sphere, moving ao that ite centre iaalwaysin that diameter ; 
its radii, in its Tariona positions, being the corresponding semi* 
diords of the great circle of the sphere. In this case the 
directrix is the diameter containing the centres, whilst the gene- 
ratrix is a circle yariable in magnitnde. The surface may be 
represented as shown in Fig. 7b* 



FUf, 7a. 



Fig. 7b, 





40. A ry/iWrtca/ svrface is generated bj a straight fine which, 
Tiling npon some curre, mores parallel to itself. From this 
method of generation it IbUows that the intersection, or intersec- 
tiooa, of a cylindrical snrfiice by a plane parallel to the genera- 
trix, will be <me or more straight lines. A cylindrical sorfiu^ 
maj ako be generated bj a plane cnrre, which, moving parallel 
to ita^ has one of its points resting on a fixed straight line. If 
a cjIiE&drical snr&ce be cut bj two planes perpendicular to the 
geneiatiz^ straight line, the portion intercepted between the 
puutes is tamed a ri'fjht ci^linder ; and. if the directrix be a circle, 
tiie cylinder will be the same as that generated bj die revolution 
of a rectangle about one of its sides^ 

41. A conical surface is generated by a straight line, which, 
pmuliig tfarongh. a fixed point called the vertexy moves about that 
point in aceon&mce with some law. It is, thereftire, evident that 
tiie intoaections of a conical snr&ce^by a plane passing through 
tiie v^tex, will be two straight lines. When the gwi er atri x 
moTes about the vortex in such a manner that a second point in 
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it describes a circle, whose plane is perpendicular to the straight 
' line passing through its centre and the vertex, the cone is called 
a right cone. Such a cone would be represented by a series of 
concentric circles, the distance between two consecutive ones 
being constant. The axis of a cone is the straight line drawn 
through the vertex and the centre of the directrix. The sheets 
of a cone are the surfaces separated bj the vertex. 

42. A curve surface may be considered as a polyhedron, whose 
faces are infinitely small ; a tangent plane will then be nothing 
more than one of these faces indefinitely extended. Thus, to 
obtain a clear conception of a tangent plane to a surface in a 
pointy imagine an infinitely small portion of the surface around 
the point to be taken ; this may be considered as lying in one 
plane, and that plane indefinitely extended will be the tangen); 
plane. Or thus : conceive any number of lines drawn through 
the point of contact on the surface, and take infinitely small por- 
tions of such lines around the point ; these will all be situated 
in the tangent plane. These small portions of the lines may be 
considered as straight lines, which, if produced indefinitely, will 
be tangents to lines on the sur&ce. An infinitely small portion 
of each of these tangents lies in the tangent plane ; they must 
therefore lie wholly in that plane. The tangent plane to a surface 
in a point is therefore the plane containing the tangents, drawn 
through the point of contact, to all lines that can be drawn on 
the surface through the point of contact. 

43. It is manifest that, if a plane touch a cylinder or a cone 
in any point, the generating line passing through that point lies 
entirely in the tangent plane : this property will be made avail- 
able hereafler in drawing tangent planes. It is further evident 
that, if a cone be a right cone with a circular base, the tangent 
plane will be inclined to the base at the same angle as the gene- 
ratrix, since the tangent plane will be perpendicular to the plane 
passing through the point of contact and the axis. 
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Examination on Chapter I. 

1. Define the terms — * trace of a line,' 'trace of a plane,* 
* projecting line,' * projecting plane,' *■ plane of projection,' * sec- 
tion.' 

2. Prove that if two straight lines «re parallel, their plans are 
parallel. 

3. In what case is the plan of an 'angle eqital to the angle ? 
Show when it is greater than the angle and when less. 

4. The vertical trace of a plane makes an angle of 40° with 
X y ; the angle between the traces is 60° : determine the hori- 
zontal trace -of the plane. 

5. By what data can the position in space of a point, of a 
straight line, of a plane, be determined? 

6. If a straight line be parallel to a plane, every plane con- 
taining the line <will either be parallel to the plane or cut it in a 
line parallel to the line. Prove this. 

7. Show that the sections of two opposite faces of a cube by a 
plane are parallel. 

8. Show that, if a right prism, or cylinder, be cut by a plane 
perpendicular to its base, the section is a rectangle. 

9. The section of « prism, or a pyramid, by a plane parallel to 
its base, is a figure similar to the base. Prove this. 

10. Prove that the perpendicular drawn from a point to a 
plane is the shortest distance from the point to the plane. 

11. Show that if a straight line, not in a plane, be parallel to 
a straight line in that plane, it will also be parallel to the plane. 

12. If a straight line be perpendicular to a plane, every 
straight line perpendicular to that line will be parallel to the 
plane. 
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CHAPTER 11. 

ELEMENTART PROBLEMS ON STRAIGHT LINES AND PLANES. 

Problem L 

Given the projections of two points, to find the projec- 
tions of the straight line passing through the points. 

Let (a, a') and (^, h ) (Fig 8) be the points. 




Then, since the projections of the straight line A B must pass 
through the projections of the points, the line a' V will be the 
elevation, and a h the plan of the line required. 



Problem II. 

Through a given point, to draw a straight line parallel 
to a given straight line. 

Let {py p') (Fig. 9) be the given point, {ah, a V) the given 
line. 

Since the required line passes through the point (/?, ;>';, its 

c 2 
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plan and elevation will pass through p &ndp' respectively ; more- 
over the projections of parallel straight lines are parallel (11 )• 



1— y 




The elevation of the line will therefore be m' n' drawn through j^' 
parallel to a' b' ; its plan will be m 7i drawn through a paraUel to 
a b. 



Problem III. 

Given the projections of a straight line> to find its 
traces. 

Let the given projections b c and b^ & (^ig* 10) meet x y in s 
and t respectively. The elevation of the horizontal trace will be 
in rr ^ (26), and also in the elevation b' c' ; it must therefore be 
the point t The trace itself will be in f A; drawn from t per- 
pendicular to a; ^ in the horizontal plane, and also in the plan b c ; 
it must therefore be the point h, in which b c and t k intersect. 
In the same manner it may be shown that, if 8 k' be drawn from 
8 perpendicular to re ^, and cutting b' c* in t, t will be the vertical 
trace. 

Therefore generally, to find the horizontal trace of a straight 
line ; from the point in which the elevation meets x y^ draw in 
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the horizontal plane a perpendicular to a; y ; the point in which 
this perpendicular meets the plan of the line will be the hori- 
zontal trace. 

Fig. 10. 




Similarly, to find the vertical trace, from the point in which 
the plan meets x y, draw in the vertical plane a perpendicular to 
X y ; the point in which this perpendicular cuts the elevation will 
be the vertical trace. 

Ohs. — The portion of the straight line included between its 
traces may evidently have any one of the following positions, 
with reference to the planes of projection : — 

(a.) It may be above the horizontal, and in front of the verti- 
cal plane (Fig. 10). 

(6.) It may be below the horizontal, and in front of the vertical 
plane (Fig. 11). 
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Fig, 11. 
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(c.) It may be above the horizontal, and behind the vertical 
plane (Fig. 12). 

Fig, 12. 




{d.) It may be below the horizontal, and behind the vertical 

plane (Fig. 13). 

Fig, 13. 




V 



Cor. The construction of the converse Problem is obvious. 
For if h and i are given, the projections may be determined by 
drawing h t, i 8 perpendicular to re y and joining h 8 and t t 
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Pboblem IV. 

Given the projections of two points^ to determine the 
length of the straight line joining the points. 

Let (a, a') and (6, 6') (Fig. 14) be the given points. The 
straight lines a a' and h h' will be perpendicular to » y (30) ; let 
them cut a y in t* and v respectively. If vertical straight lines 

Fig, 14. 




equal to u a' and v h' be conceived to be drawn from a and h 
respectively, the extremities of these lines will be the points A 
and B in space, the distance between which has to be determined. 
Suppose a straight line drawn through the point A parallel to a 5, 
and terminated by the vertical h B. The result will be a right- 
angled triangle, of which the base is equal and parallel to a 6, 
and the perpendicular, the difference between a A and h B ; that 
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is, the difference between u a' and v h' ; the hypothenuse being 
the line sought to be determined. 

If therefore through a', h' i' be drawn parallel to x y, and equal 
to a 6, and b' i' be joined, h' i' will be the line required. A simi- 
lar construction made in the horizontal plane will give the same 
result. 

Otherwise, The verticals a A and h B form with a b and 
A B a trapezoid, whose plane is vertical. Imagine this trapezoid 
turned about b B until its plane is parallel to the vertical plane 
of projection. The base b a will remain in the horizontal plane, 
but take the position b i, parallel to a; y ; the line A B, in its new 
position, will be parallel to the vertical plane, and will conse- 
quently be projected thereon in its real magnitude (13). The 
point B will remain fixed ; its elevation will therefore still be b\ 
The point A will change its position, but not its distance from 
the horizontal plane ; its elevation will thus be in the straight 
line a' Id drawn through a' parallel to a? y. Now the plan of A 
in its new position is t ; if then a straight line be drawn £rom t 
perpendicular to x y, the point t' in which i i' cuts a' h! will be 
the elevation of A when the plane a A B 6 is parallel to the ver- 
tical plane of projection ; and the straight line i' b' will be equal 
to AB. 

Or, A B may be determined by turning the trapezoid a A B 6 
about a b until it coincides with the horizontal plane ; as a 6 m n : 
or, by turning the trapezoid a' A B 5' about a' V imtil it coincides 
with the vertical plane as d b' m' n'. 

Then, i' h'^^a b ; a m=t^ a' ; a' m'^u a; b n=v b' ; b' n'^=>v b, 

N.B. — This problem has been discussed at length, because it id 
one that frequently occurs. 



Problem V. 

To draw a plane through two given straight lines that 
intersect, or are parallel. 

The vertical traces of the lines will be two points in the verti-^ 
cal trace of the plane ; the horizontal traces of the lines will b^ 
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two points in the horizontal trace of the plane. The traces are 
therefore determined thus : — 

Let (a bj a! b') and (c d, & d') (Fig. 15) be the given lines. Find 
by Prob. III. / and m, their horizontal traces, and p and q^ their 

Fig, lb. 




vertical traces. The straight lines passing through p and q^ and 
I and m respectively, will be the traces of the required plane, and 
should meet a; ^ in the same point o. 



Problem VI. 

To determine tlie projections of the intersection of two 
given planes. 

Let M N O and P Q R (Fig. 16) be the given planes; then i», 
the intersection of theur vertical traces, will be the vertical trace 
of their interaectioA ; and n will be its horizontal trace. The 
intersection itself is the straight line in space joining m and n. 
It is required to construct the projections of this line. 
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Draw m s perpendicular to x y; 8 will be the plan of m (27), 
and n is the plan of a second point in the line ; consequently the 




plan of the intersection is » n (6). In the same manner it may 
be shown that if n j? be drawn perpendicular to a; y, the elevation 
of the intersection is p m. 



PARTICULAR CASES. 

I. Let the horizontal traces M N and PQ be parallel (Fig. 17), 
then the intersection of the planes will be parallel to M N and 
to P Q; consequently the plan of the intersection will also be 
parallel to M N and P Q (11), and its deration will be par- 
allel to X y. (27). The point wi, in which the vertical traces of 
the planes cut each other, is a point in the intersection of the 
planes ; if therefore m a be drawn perpendicular to x y,m and 8 
will be the plan and elevation of m-, 8 d parallel to M N, and 
mp parallel to xy^ will therefore be the projections required. 

II. Let the traces of both planes be parallel to a? y, as M N, 
M' N', and P Q, P' Q' (Fig 18). The planes themselves wiU be 
parallel to or y, as will also their intersection. 
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A third plane of projection will now be necessary in order to 
determine the intersection. Let this plane be assumed perpen- 

%. 17. 




Fig. 18. 
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dicular to the other two, and therefore to x ff {Euc. xi. 19) ; its 
traces ^ u and y u' will be in one straight line perpendicular to 
X y (27). Then N N" and Q Q", the traces of the given planes 
on the third plane of projection, maj be found bj (36) : the point 
m, in which these traces cut each other, will be the point in 
which the intersection of the planes meets the third plane ; d and 
d', the projections of m, may be found by (36), and the straight 
lines d e, d' ef drawn parallel tox y will be the projections of the 
intersection. 

III. Let the traces of both planes meet x y in the same point : 
the intersection may be determined by a construction similar to 
that in case II. ; and the solution is left as an exercise. 

IV. If the traces of one plane be parallel to those of the other, 
but not parallel to x y^ the planes are parallel, and therefore have 
no intersection. 



Problem VII. 

To determine the point of intersection of three given 
planes. 

The planes combined two and two cut each other in three 
straight lines, which all pass through the required point. Let the 
projections of these intersections be constructed by Prob. VI. ; 
then if the constructions be accurately performed, the three eleva- 
tions will pass through the point o' (Fig. 19) ; and the three plans 
will pass through o. The point (o, o') will be the point re- 
quired : the straight line o d should be perpendicular to a? y (30) . 



Problem VIII. 
To draw a plane through three given points. 

The three straight lines which join the given points, taken two 
and two, being situated in the required plane, will meet the 
planes of projection in points which are in the traces of the 
plane. Thus, by Prob. III. may be found three points in each 
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trace. The three points in each trace must be in the same 
straight line ; and the traces must meet a? ^ in the same point 
(21). 

Fig. 19. 




Let (a, a'), (ft, h') and (c, c') (Pig. 20) be the given points : 
(a h, a' ft'), (ft c, ft' c'), and (a c, a' c') the lines passing through 
those points taken two and two. Determine (Prob. III.), d, /, e, 
the horizontal, and d\ «', /', the vertical traces of these lines. The 
straight line drawn through e and / should pass through d ; and 
that drawn through e' andy'' should pass through d' ; these straight 
lines dfCjd'fef^ which are the required traces, must meet x y 
in the same point t. 
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Obs. — The following cases may be considered with advantage : — 

I. When one of the lines is parallel to one of the plfines of projection. 
II. When one of the lines is parallel to both planes of projection. 

III. When two of the lines are parallel to one of the planes of projec- 

tion. 

IV. When the three given points are in a straight line. 

Fig. 20. 




Problem IX. 

To determine the point in which a given straight line 
meets a given plane. 

If, through the plan of the given line, a vertical plane he 
drawn, this plane will contain the point sought ; but the point ia 
also in the given plane ; it must therefore be that point in which 
the intersection of these two planes meets the given line. 

Let d n and d/ s' (Fig. 21) be the projections of the line ; 
P Q B, the given plane : draw through d n the vertical plane 
dnn' \ its vertical trace n n' will be perpendicular to a? y (26) : 
draw h b' perpendicular tx> x y \ join h' n' : h' n' will be the 
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elevation of the intersection of the planes P Q R and d n n', 
(Prob. VI.) . Now the elevation of the required point will be in 
h' n', and also in d' sf'^ it must therefore be the point/' in which 

Fig. 21. 




Fig. 22. 




32 



THE STRAIGHT LINE AND PLANE. 



ihese straight lines cut each other. Through /' draw / k, per • 
pendicular to a? y, and cutting rf n in/: / will be the plan of the 
required point (30). The plan /might have been determined 
by an independent construction, similar to that employed for the 

Fig, 23. 




Fig.U, 




THE STBAIGHT LINE AND PLANE. 33 

elevation, viz., by drawing through d! s' a plane perpendicular to 
the vertical plane, as shown in Fig. 21. 

If the given line be vertical, its plan will be a point (10), as d, 
Fig. 22 ; which is also the plan of the required point ; the eleva- 
tion of the line will be rf « d', perpendicular to jd y (26). To find 
the elevation of the point, draw through d a vertical plane, 5 r n ; 
draw hh' perpendicular to xy^ join h'n, cutting d d' in f : 
f will be the elevation required. 

In this case, the vertical plane assumed is subject only to the 
condition of passing through a given vertical straight line, it is 
consequently indeterminate ; its trace may therefore be parallel 
to .T ^, as in Fig. 23, or to the horizontal trace of the given plane, 
as in Fig. 24. 



Problem X. 

Through a given point to draw a plane parallel to a 
given plane. 

If through the given point a straight line be drawn parallel to 
any straight line in the given plane, this line will be in the 
required plane. The traces of this line will be points in the 
traces of the required plane. The traces of this plane will there- 
fore (Euc, XI. 16) be the two straight lines drawn through these 
points, and parallel respectively to the traces of the given plane. 

Let (d, d') (Fig. 25) be the given point, P Q R the given plane, 
take any point, m, in the horizontal trace P Q ; and any point n', 
in Q H ; draw w' w and m m' perpendicular to a? y ; join n' m' and 
m n, these lines will be the projections of a straight line (m n, 
m' n') situated in the plane P Q R ; because m and n' are the 
tiaces of a line in that plane (Prob. III.). Through (d, d'^ draw 
by Prob. II. a straight line parallel to (m n, m' n'), through /and 
^, the traces of this line (Prob. III.), draw M N and N O parallel 
to P Q and Q R respectively : M N O will be the plane 
required. 

Solution 2. Let P Q R (Fig. 26) be the given plane : through 
the given point (c?, d')y conceive a straight line H to be drawn 
parallel to P Q : this line will be in the plane required, and 

II. B 
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will be parallel to the horizontal plane. Its plan will be the line 
d r, drawn through d parallel to P Q (11) : its elevation will be 

Fiff. 25. 
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d r' parallel ix) x y (27). The point /, in which H meet» the 
vertical plane (Prob. IIL), will be a point in the vertical trace of 
the plane required : the traces of which will therefore be* O N 
drawn through r^ parallel to B Q', and M Nj through N parallel 
to P Q (Euc. XI. 16). 

In a similar manner, the problem may be solved by drawing 
through {d, d') a straight line parallel to the vertical plane, as 
shown in the figure. 

If the given plane be parallel to one of the planes of projection^ 
as, for example, the vertical plane, it will have a horizontal trace 
only, which will be parallel to xy (27). The required plane will 
also have a horizontal trace only, which will be the straight line 
drawn through the plan of the given point parallel to*a> y. 



Problem XI. 

Through a given point to draw a straight liae perpen- 
dicular to a given plane : to find the point in* which the 
perpendicular meets the plane; and to determine the 
length of the perpendicular. 

Let (rf, d') (Fig. 27) be the given point, P Q R the given 
plane. The projections of the perpendicular must pass through 
d and d' respectively: they will also be perpendicular to the 
traces of the plane (31). If, therefore, through d and d', d n and 
d' 8 be drawn perpendicular to P Q and Q'Rj d n and d' s will 
be the projections required. The point (p, pf) in which the 
perpendicular meets the given plane may be determined by 
Prob. IX., its length, d' k, may be found by Prob. IV. 



Problem XII. 

Through a given point to draw a plane perpendicular 
to a given straight line. 

Let (d, d') (Fig. 28) be the given point, (a J, a' h') the given 
line. The traces of the required plane will be perpendicular 

D 2 
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respectively to the projections of the given line (31). Conse- 
quently, the directions of the traces of the required plane, and 
one point in that plane, are known; it will therefore be sufficient 
if a point in one of the traces be determined. To effect this. 

Fig. 27. 




conceive a straight line to be drawn through the given point 
parallel to the horizontal trace of the required plane ; this line 
will be situated in that plane, and will be parallel to the hori- 
zontal plane; its plan will therefore be parallel to the hori- 
zontal trace of the plane (11), and, consequently, perpendicular 
to the plan of the given line. But since this line passes 
through (d, d')j its plan must he d r perpendicular to ah\ its 
elevation d'j?^ parallel to xy {Euc, xi. 16). Since efrand d'p' are 
the projections of a straight line in the required plane ; if r', the 
vertical trace of this line, be determined by Prob III., r' will be 
a point in the vertical trace of the required plane ; and the traces 
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will be BQ drawn through r' perpendicular Xo a'¥ \ and QP 
drawn through Q perpendicular to a 6. 

Fig. 28. 




A verification may be obtained by drawing through (d, d'^ a 
straight line parallel to the vertical plane, and making a con- 
struction similar to the preceding one, as shown in Fig. 28. 



Problem XIII. 

From a given point to draw a straight line perpendi- 
cular to a given straight line, and to determine the length 
oftheperpTndicular. 

Let (rf, d') (Fig. 29) be the given point, (aft, a'h') the given 
line. Through (c2, d') draw a plane P Q R perpendicular to 
(a J, a'h') (Prob. XII.) ; determine (Prob. IX.) the point {p, p') 
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in which the plane P Q R meets the given line ; then (d p, d'jo') 
will be the perpendicular required ; its length, p h, may be de- 
termined by Prob. IV. 

Fig, 29. 




Problem XIV. 

* Given the projections of two straight lines which 
cut each other, to determine the angle contained by the 
lines. 

Let (a 6, a' V) and {ac, a' d) (Fig. 30) be the given lines. De- 
termine their horizontal traces g and / (Prob. UI.) ; join gf^ 
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gf and the portions of the straight lines intercepted between their 
point of intersection and their horizontal traces, form a triangle 
in which the angle opposite to gfia the angle to be determined. 
To construct this triangle, through a draw h k perpendicular to 
^/; conceive the plane of this triangle to be turned about its 

Fig. 30. 




horizontal trace gfy imtil it coincides with the horizontal plane : 
hy the position which the point of intersection of the lines now 
takes, is found (36) thus, join a a', let it cut a; ^ in r ; make r 8 
equal to a A;; join a' a, make h h equal to a' s; join gh and /A ; 
ghfynll evidently be the angle contained by the lines. 
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Problem XV. 

Given the projections of a straight line to determine 
the angles which it makes with the planes of projection. 

Let {ab, a'V) (Fig. 31) be the given line ; find its traces a and 
h' (Prob. III.). Then the angle which the given line makes with 
the horizontal plane is the angle contained by the straight line in 
space drawn from a to h\ and the plan ah {Euc, xi. def, 5). If, 




therefore, the plane abl/ be turned abont ab until it takes the 
position abn in the horizontal plane; bn being equal to bb' ; 
ban will be the angle required. The angle may also be deter- 
mined by turning the plane abb' about bb' until it takes the 
position b'bm m the vertical plane, when b^mb will be the re- 
quired angle. The inclination of the line to the vertical plane 
may be found by a similar construction, as shown in the figure. 
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Conversely, Through a given point to draw a straight line, 
making given angles with the planes of projection. 

This problem will be most easily solved by assuming a point 
on the vertical plane, and drawing through it a line having the 
given inclinations, and then drawing through the given point a 
line parallel to this line. 

Let a and /3 be the angles which the line is to make with the 
horizontal and vertical planes respectively, it is evident that 
these are the angles between it and its projections. 

Assume any point (m, m!) (Fig. 3 la) in the vertical plane ; make 
the angle m' hm equal to a ; with centre m, and radius mhj de- 

Fig, 31a. 




scribe the circle 5n ; all lines passing through (m,m') and making 
an angle a with the horizontal plane, will have their horizontal 
traces in the circumference of this circle (34, Cor, 1). Again, 
Gnm! h describe a right-angled triangle, having the angle hm! c 
equal to fi ; make m! n' equal to m' c (the construction is shown 
in the figure), draw n! n perpendicular to xy; n will be the 
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horizontal trace of the line. Its projections will evidently be 
w! n' and m n. 

Let (a, o/) be the given point ; draw through a and a! parallels 
to YTin and m'n' respectively, these will be the projections of the 
line required (11). 

Probleh XYI. 

Given the traces of a plane, to determine the angles 
which it makes with the planes of projection. 

Let PQR (Fig. 32) be the given plane. To determine the 
angle which it makes with the horizontal plane, take any point a 




in the horizontal trace PQ; through a draw a plane ahV per- 
pendicular to the given plane and the horizontal plane; the 
profile angle of the given plane and the horizontal plane will 
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evidently be the angle required. The projectiona of the lines 
containing this angle are known, and thus the angle b'mb may 
be determined by Problem XV. as shown in Fig. 32. 

In a similar manner the inclination of the plane to the vertical, 
viz., the angle d'rdf may be found (Fig. 32). 

Problem XVII. 

To determine the angle contained by two given planes. 

Let P QR and S T U (Fig. 33) be the given planes. Find, by 
Prob. VL, de the plan of their intersection; let gh he the hori- 
zontal trace of a profile plane, of the planes P Q R and S T U, 

Fiff, 33. 




cutting dehxu Then, since this plane is perpendicular to the 
intersection of PQR and STU, gh cuts de&t right angles (31), 
it also forms, with the straight lines in which the profile plane 
cuts PQR and STU, a triangle, in which the angle opposite to 
ghis the angle sought to be determined. 

Conceive the plane of this triangle to be turned about gh until 
it coincides with the horizontal plane ; the vertex of the triangle 
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will then be in ed (36). It only remains, therefore, to deter- 
mine the altitude of the triangle, that is, the straight line drawn 
from t perpendicular to the intersection of the planes. This 
perpendicular evidently lies in the vertical plane dee' ; turn this 
plane about its trace ee^ until it coincides with the vertical 
plane; make ek equal to ei\ draw kl perpendicular to e'o; kl 
will be the altitude of the triangle required. If, then, im be 
made equal to ^/, and gm, hmhe drawn, the angle gmh will be 
the angle contained by the planes. This angle may be deter- 
mined by a similar construction in the vertical plane. 



pkoblem xvin. 

To determine the angle contained by a given straight 
line and a given plane. 

Let PQR (Fig. 34) be the given plane, (ah, a'h') the given 
line. From any point (a, a') in the line, draw a straight line 

Fig, 34. 




perpendicular to the given plane (Prob. XL) ; the projections of 
this perpendicular will beac and a' cf, perpendicular respectively 
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to P Q and Q R the traces of the plane (31). ^he angle contained 
hj this perpendicular and the given line will be the complement 
of the required angle ; this angle between the perpendicular and 
the given line is found by {^roblem XIV. to be 6 h c; if, there- 
fore, h ghe drawn perpendicular to h c, b h g will be the angle 
required. 

Problem XIX. 

To draw a plane bisecting the angle between two given 
planes. 

Let P Q R and P S R (Fig. 35) be the given planes ; ^ n ^ the 
angle between them, determined by Problem XVII. Bisect the 

Fig.S5. 
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angle h n ghj the line n k, meeting A ^ in ^ ; k will be a point 
in the horizontal trace of the plane required. But P is also a 
point in that trace ; the traces of the plane bisecting the angle 
will therefore be P T passing through k, and T R passing through 
R, since R is a point in the vertical trace. 



Problem XX. 

To reduce an angle to the horizon. That is, having 
given the angle which two straight lines make with each 
other, and their inclinations to the horizontal plane, to 
determine the plan of the angle. 

Let a (Fig. 36) be the plan of the vertex of the angle : a h 
that of one of the lines containing it, and inclined at an angle 
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a to the horizontal plane ; also, let the inclination of the 
second line to the horizontal plane be /3 ; 6 being the angle con- 
tained by the lines. 
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Assume the vertical plane of projection to pass through thf 
first line, so that a b coincides with x y : from a draw a e per- 
pendicular to a 5 ; the angular point will be in a e : let it be a' : 
through a' draw a' b, making an angle a with abi b will be 
the horizontal trace of the first line. Through a' draw a' c, 
making an angle /3 with a b : with a as a centre and radius a c 
describe the circle c d g: all straight lines passing through a' 
and making an angle /3 with the horizontal plane, will have their 
horizontal traces in the circumference of this circle (34 Cor. 1). 
Again, make the angle 5 a'/ equal to B ; and a' /equal to a' c : 
join b /; with 5 as a centre and radius 5/desoribe a circle cutting 
the circle cdg in d; draw ad: ad will be the plan of the second 
line. 

For the straight line in space joining a' and d, makes an angle 
f^ with the horizontal plane : it also makes an angle B with a' b : 
for in the triangles a' db and a' fb, d a' and a' b are respectively 
equal to/ a' and a' b ; the base b d w equal to the base b f\ 
therefore the angle ef a' & is equal to the angle b a! f (Euc. i. 8), 
which is equal to B. The line a' d thus fulfils the conditions of the 
problem, and its plan ia a d : therefore the angle dab is the plan 
of the angle required. 



Problem XXI. 

Through a straight line, in a plane^ to draw a plane 
^making a given angle with that plane. 

The straight line will evidently be the intersection of the given 
plane and the required plane. 

Let (a b, a' b') (Fig. 37) be the given line, P Q R the given 
plane : draw a straight line q r perpendicular to a b, and cutting 
it in c : q r will be the horizontal trace of a profile plane of the 
l^giyen and required planes (31) ; and the lines in which this 
.plane cuts the two planes will ibrm the angle which those two 
planes make with each other (33). The vertex of this angle will 
be in the vertical plane passing through a &, and in the straight 
line drawn from the point c in ^ r perpendicular to the line (a &, 
a' 5'). Turn the plane abb' about b b' until it coincides with 
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|he vertical plane of projection : the line (a h, of b') and the point 
Cy will take the positions g h' and o respectively. Draw o hf per. 
pendicular togV \ set offc h^ in c a, equal to o A' : make the angle 

Fig, 37. 



If * 




rhq equal to the given angle : q will be the horizontal trace of 
a line in the plane required, and consequently a point in the 
horizontal trace of the plane itself. The required traces will 
therefore be S a T 5^ and U ft' T : S T U being the plane re- 
quired. 



Problem XXII. 



Through a given point to draw a plane making given 
angles with the planes of projection. 

Let the given point (a, a') (Fig. 38), be assumed in the vertical 
plane of projection : a and /3 being the angles which the required 
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plane is to make with the horizontal and vertical planes respec- 
tively. Make the angle a' qa equal to a : with centre a and 
radius a q describe a circle q c b: the horizontal trace of the 
plane will be a tangent to this circle. Draw the line g «, making 
with X y the angle g s x equal to /3 : draw a p' perpendicular to 



Fig. 38. 




a^ q; a r perpendicular to g 8, and make a k equal U> ap' ; 
through k draw ^ kf, parallel tog s and meeting x i/inf, a' a 
produced, in P : with centre a and radius a /describe the circle 
f h : the vertical trace of the required plane will be a tangent to 
this circle. Through P draw P Q, touching the circle hcqmc: 

II. E 
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through Q draw Q R, touching the circle/^ in ^. P Q R will 
be the plane required. The solution of this problem, which is 
indeterminate, will be easily understood by referring to Prob. 
XVI. The lines a p', a k are the perpendicular drawn from the 
point a to the plane. 

Pboblem XXIII. 

Through a given straight line to draw a plane, making 
a given angle with the horizontal plane. 

Find, by Prob. III., the traces a and b' (Fig. 39) of the given line 
(a by a' b'). These will be points in the traces of the required 

Fiff,Z9. 




plane. It will therefore be sufficient if a second point in one of 
the traces be determined. To find a point in the horizontal trace, 
at b^ in b b' make the angle bb' c equal to the complement of the 
given angle, with ^ as a centre and radius b c describe the circle 
c M. If this circle cuts a b, the tangents a M and a m' drawn 
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to it from a, \7ill be the horizontal traces of two planes fulfilling 
the conditions of the problem. If the circle passes through a, 
only one such plane can be drawn : because the inclination of the 
plane will be equal to that of the given line. If a ^Us within 
the circle the problem is impossible, since the inclination of the 
plane would be less than that of the line (34). The planes, as 
determined in Fig. 39, will be M N P and M.' N' P' since the 
vertical traces must pass through b'. 



Problem XXIV. 

To find the vertical trace of a given plane, when its 
horizontal trace and inclination are given. 

Let M N (Fig. 40) be the given trace ; o the angle at which 
the plane is inclined to the horizontal plane. Through any point 
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a in M N draw a vertical plane a h b', perpendicular to M N ; 
turn this plane about b b* until it coincides with the vertical 

B 2 
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Iplane of projection : the point a ^ill take the position o\ h o 
being equal to & a : make the angle hop equal to a\V the point 
in which o p cuts b h' will be a point in the vertical trace of the 
plane : through h' draw N O ; this will be the vertical trace. 

Should the trace M N not meet x y within the limits of the 
drawing, a second point in the vertical trace must be determined 
in the same manner as h'. 



Problem XXV. 

Through a given point to draw a straight line which 
shall make a given angle with the horizontal plane^ and 
meet a given straight line in that plane. 

Let (o, o) (Fig. 41) be the given point, M N the given line 
situated in the horizontal plane. At o' in o o', make the angle 



Fig. 41. 




o' c equal to the complement of the given angle ; draw c c' per- 
pendicular to X y\ and o d perpendicular to c c'. With o as a 
centre, and radius o c', describe a circle cutting M N in a and h ; 
draw a a! and h V perpendicular to a; y ; join o' a' and o' V ; the 
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two lines (o a, o' a') and (o b,W b') will evidently fulfil the con- 
ditions of the problem (34 Cor, i). 

This problem depending upon the intersection of a straight 
line and a circle, will have one solution or two solutions^ or will. 
be impossible. 

Problem XXVI. 

Through a given point to draw a plane parallel to a 
given straight line. 

Let (c, c') (Fig. 42) be the given point, (a ft, a' 5') the given 
line. 

Through (c, c') draw a straight line (« d, d d') parallel to (a ft, 
a' ft') (Prob. II.) ; determine its traces A and v (Prob. III.). Any 



Fig. 42. 




plane, MNP, whose traces pass through h, and v respectively, 
will be parallel to (a ft, a' ft'). The problem is therefore indeter- 
minate. 
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Problem XXVIL 

To draw a straight line bisecting the angle between 
two given straight lines. 

The straight line bisecting the angle between the two lines 
lies in the plane of these lines, and passes through their point 
of intersection. Determine the angle contained by the lines 
(Prob. XIV.) ; bisect it : the point in which the bisecting line 
meets the straight line joining the horizontal traces, will be a point 
in the plan of the bisecting line; this point and the projections 
of the angular point are sufficient to determine the projections 
required. The construction may be seen in Fig. 30, where 
(a w, a! m*) is the bisecting line. 



Problem XXVIII. 

Given the three sides of a spherical triangle, to deter- 
mine the angles. 

Let a, 5, c be the given sides; A, B, C the corresponding 
angles required to be determined. 

Suppose the faces of the angles a and c to be turned about the 
edges VK, VL (Fig. 43) until they coincide with the plane of 
the side b as shown in the figure, in which VHi, VH2 are the 
new positions of the third edge : take VP^ equal to VPg, and 
draw VzS perpendicular to VL, Pjr perpendicular to VK : if P2« 
and Pjr meet in ;?, p will be the projection of the point P on the 
plane of the side h (by the point P is meant the point which 
takes the positions Pi, P^ after the faces containing it have been 
turned down). Draw pp' perpendicular to r/?, with r as a centre 
and radius rPj describe a circle cutting pp' in p' : join |?V, the 
angle prp' will be the angle C measuring the inclination of the 
faces of the sides a and b as is evident from (36), since prp' is 
the profile plane of these faces. The angle A may be found by 
a similar construction. 

To determine the third angle B, draw P^u and V^t perpen- 
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dicular to VMi and VHa respectively^ and meeting VK and VL 
in u and t ; join ut ; ut will be the base of the triangle formed 
by the intersections of the three faces, by the profile plane of 
the faces of a and c : the other sides of this triangle will evidently 
be equal to "PiU and Pj^ : if therefore with centres u and t, and 

Fisf. 43. 




radii wPi and iPj, circles be described intersecting in m: and 
um, tm be joined, the angle unit will be equal to the third angle B. 

The line Ym being the projection of the third edge upon the 
plane of the face KVL, the points V, p, m must be in a straight 
line; it is also evident that the perpendiculars j)/)' and j)p" are 
equal to each other since each of them is the distance of the 
point P from the plane KVL. 

Conversely. Given the three angles of a spherical triangle to 
determine the sides. 

This case can be reduced to the preceding one by means of 
the polar triangle. 

Let A, B, C be the given angles, then the sides of the polar 
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triangle are 180° -A, 180°— B, 180° — C : determine the angles 
of this triangle, then if they are A', B', C : the sides required 
will be a = 180° -A', b = 180° -B, c = 180° -C. 

Obs, The solution of the problem will be possible only when 

a + 5 + c>27r, anda + ft<c, a+c>^, b + c>a. 

In the converse A+B + C must be >7r and <37r in order 
that the solution may be possible. 

Problem XXIX. 

Given two sides of a spherical triangle and the in- 
cluded angle, to find the remaining parts. 

Let the sides b, c and the angle A be given. 
Let HgVL (Fig. 44) be the face of the side c turned about 
the edge YL into the plane of the side b ; from any point Pj 
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in VH2, draw PsP perpendicular to YL and cutting it in s, make 
the angle ^5p'' equal to the given angle A, make sp"=i8P2 : draw 
p"p perpendicular to sp : p will be the projection of the point P 
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on the plane of the side h (Chap. I. 36) ; draw pP perpendicular 
to VKj and cutting it in r; draw pp' perpendicular U>p?x and 
equal to pp" ; join rp' : the angle prp' will be equal to the angle 
C. Again make rPi^ssrp' ; through P, draw VHi ; the angle 
KVHi will evidently be the third side a. If Fs produced meets 
YK in ; p"o ib the real length of the intersection of the face of 
the side a by the profile plane of the faces of the sides b and c ; 
the point P may therefore be determined by making oFi^op", 
without determining the angle C. 

The angle B may be found by Prob. XXVIII, 

Conversely, Given B, C and a, to find 5, c and A. 

The two corresponding sides of the polar triangle are 180° — B, 
1 80° — C, and the included angle 180°— a: solve this triangle, 
then if its two angles are B', C its third side a', h =180°— B', 
c = 180°- C and A=l80°-a'. 



Problem XXX. 

Given two sides of a spherical triangle and the angle 
opposite to one of them, to find the remaining parts. 

Let the sides h^ c, and the angle C be given. 

Let the plane of the side c be turned about the edge YL (Fig. 
45) until it coincides with the plane of the side 6. From t, a 
point in the edge YK, draw ts perpendicular to YK ; make the 
angle stm equal to the angle C and draw sm perpendicular to at : 
if the triangle rata be turned about st until its plane is perpen- 
dicular to that of the side h, m will be a point in the plane of 
the side a ; draw P^o perpendicular to the edge YL and cutting 
it in 8, conceive this to be the trace of a profile plane of the 
planes of h and c ; this plane will cut the plane of the side a in 
a straight line passing through m : if therefore en be taken equal 
to em, and on be joined, on wiU be the real length of this inter- 
section, as will be seen by conceiving the triangle one to revolve 
about so until its plane is perpendicular to the face KVL. Now 
the point in which the edge YP meets this plane must be in on ; 
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it must also be in the semicircle of which 8 is the centre, and 
5P2 the radius, since 5P2 is the true length of the section of the 
face P2VL by the profile plane. If therefore the circle cuts on 
in two points the problem admits of two solutions ; if it touches 
on there is only one solution ; if it does not meet on there is no 
solution. 

Let^' be a point in which the circle ^^Pp' 9. nieets on ; draw 
pp' perpendicular to P20, and |>Pi, perpendicular to VK, with as 
a centre and radius op' describe a circle cutting /)Pi, in Pj ; P^ 



Fig, 45- 




will be a point in the third edge when its plane is turned into 
coincidence with that of the side h^ since op' is the real length of 
the line in which the third face is cut by the profile plane P2on. 
Through Pj draw VHj, the angle KVHj will be the third side 
of the triangle. 

The angles B and C may be found by ProK XXVIIL 

Conversely. Given B, C and c to find A, a and h. 

Here two sides of the polar triangle are 180° — B, 180°— C, 
and the angle opposite to the latter is 180°— e, whence the third 
side and the angles may be found as above, kt these be a\ A! 
and B' then A=180°-a', d=180°-A', *=180°-B'. 
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Problem XXXI. 
To circumscribe a sphere about a triangular pyramid. 

Let abdv (Fig. 46) be the plan of the solid, assuming the 
plane of the face abd as the horizontal plane, v'Va'd' its elevation. 



Fig, 46. 
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Left e be the centre of the circle abd, circumscribing the trianglei 
abd, c will be plan of the centre of the sphere, its elevation 
will be some point in the line c& perpendicular to xy. Through 
V draw ve/ pai'allel to rry, let e'f be the elevation of ef\ join i/e\ 
v'f ; these are the elevations of the lines ve and v/, as well as 
the real lengths of the lines, since they are parallel to the ver- 
tical plane. Now it is evident that all the points in the cir- 
cumference of the circle abd are on the circumference of the 
sphere, therefore (ve, v't') being a chord of the sphere the 
elevation of the centre must be in sc' drawn from the middle 
point of 8c' perpendicular to it, it will therefore be the point 
d in which »d meets cc' : the radius being the straight line 
{ca^ cV) is easily found to be d e' (Chap. 11. Prob. IV.). The 
projections will therefore be the circles described with d and 
c as centres and radius dd , 

Problem XXXII. 

Through a given point to draw a straight line parallel 
to a given plane. 

This problem is indeterminate, since a straight line drawn 
parallel to any line in the plane will fulfil the condition (Prob. II). 

Problem XXXIII. 

Through a given point to draw a straight line parallel 
to two given planes. 

Construct the intersection of the planes (Prob. VI.) ; and 
through the given point draw a straight line parallel to the in- 
tersection (Prob. II.). This will be the straight line required. 

Problem XXXIV. 

Through one given straight line to draw a plane parallel 
to another given straight line. 

Through any point in the first line, draw a line parallel to the 
second (Prob. IL) \ then by Prob. V. draw a plane containing 
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this parallel and the first line. This will be the plane required. 
This problem is always possible ; but it will be indeterminate 
when the two given lines are parallel, for in that case every 
plane passing through the first line, and not through the second, 
will be parallel to the second. 

Problem XXXV. 

Through a point in one given plane to draw a straight 
line parallel to another given plane. 

Construct the intersection of the planes, (Prob. VI.,)and through 
the given point draw a straight line parallel to the intersection. 
This will be the line required. 

Problem XXXVI. 

Through a given point to draw a plane perpendicular 
to two given planes. 

Find the intersection of the given planes (Prob. VI.) ; draw 
through the given point a ^lane perpendicular to this intersection 
(Prob. XII.). Thifl will be the plane required (Efic, xi. 18). 

Problem XXXVII. 

Through a given straight line to draw a plane perpen- 
dicular to a given plane. 

From any point in the straight line, draw a straight line per- 
pendictdar to the given plane (Prob. XI.). The plane containing 
this perpendicular, and the given line, will be the plane required 
(Prob. v., Euc. XI. 18). 

Problem XXXVIII. 

Given the plan of a polygon situated in a given plane ; 
to find its elevation and real magnitude. 

Let abcde (PI. I. Fig. 2) be the plan of a polygon, situated 
in the given plane P QR. The elevations of the angular points 
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of the polygon will be found by constructing the elevations of the 
points in which vertical lines drawn through a, J, c, d and «, re- 
spectively, meet the plane P Q R. These elevations may be con- 
structed by Problem IX. Let them be a', h\ c\ d\ e'. The 
figure a' h' d d* e' will be the elevation required. The angular 
points of the polygon ABODE itself are found by turning 
the plane P Q R about the trace P Q in the manned explained in 
(36, III.). 

Problem XXXIX. 

To determine the projections of a polygon situated in 
a given plane. 

Let A B C D E (PI. I. Fig. 2) be the given polygon ; P Q R 
the given plane. The point a, which is the plan of A, is situated 
in A a, drawn from A perpendicular to P Q and at a distance 
from P Q equal to o"a, the base of the right-angled triangle 
d"a a" ; in which triangle the angle a"o"a is equal to the angle 
n o"o\ the inclination of the plane P Q R to the horizontal plane 
(Prob. XVI.) ; the hypothenuse a!'o" is equal to A m (36). In 
the same way 6, c, d^ and e may be found, and the plan completed 
by joining the respective points. Again, the side a a" is the 
height of the point A above the horizontal plane. If, therefore, 
a a! be drawn perpendicular to a; ^, and a'' a! parallel to ^ y, the 
point a', in which these lines meet, will be the elevation of A. 
Similarly, J', c', d\ and e! may be found, and the elevation com- 
pleted. 

Problem XL. 

To determine the projections of a circle situated in a 
given plane. 

1. Let the plane of the circle be parallel to one of the planes 
of projection, and perpendicular to the other. Its projection on 
the first will be a circle equal to the original one (13) : its pro- 
jection upon the second will be a straight line equal to the dia- 
meter of the circle (12 and 13). 
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2. Let the plane of the circle be inclined at any angle to the 
planes of projection. 

Let A C D F H (PI. I. Fig. 3) be the circle ; P Q E the plane 
in which it is situated. Divide the circumference into equal parts 
in the points A, B, C, D, E, F, G, H : determine a, ft, c, d, c,/, g, h, 
the plans, and a', ft', c', d', e',/', h\ the elevations of these points 
as in Prob. XXXVIII. by (36). The curves abed efg h and 
a'b'c'd^e'fg'h' will be the projections required. 

These curves will be ellipses, whose major axes, being the 
projections of diameters parallel respectively to the planes of pro- 
jection, are equal to the diameter of the circle. 



Exercises. 

1. The plan of a line is 1*75 in. long, and the difference of 
level of its ends 1*2 in. Find the length of the line and its in- 
clination. 

2. Represent by their plans and elevations two points A and 
B : A, 2 in. above the horizontal plane, and 1*5 in. in front of 
the vertical plane ; B, 1*75 in. below the H. P. and 1 in. behind 
the V. P., the distance between the plans being 3*25 in. Find 
the length and inclination of the line A B. 

3. The horizontal projection of a line is 6 ft. long and in- 
clined to the axis at an angle of 30° ; the vertical projection 
meets the axis at an angle of 20°. Construct the length of the 
line on a scale of ^. 

4. Two points a and ft are 30 units apart, and the lines a ft, 
a'y make respectively angles of 25* and 30° with xy; determine 
the line A B. 

5. The elevations of two lines intersect at an angle of 80°, 
their plans, at an angle of 100° : find the angle between the lines. 

6. Determine by their traces two parallel planes 1*5 in. apart, 
the horizontal traces not being parallel toxy, 

7. Show how to draw a straight line from a given point per- 
pendicular to a given plane. 
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Draw from the point (3*5 in., 2*7 in.) a straight line perpen- 
dicular to a plane inclined at 50° to the H. P. : and not perpen- 
dicular to the V. P. 

8. A line inclined at 35° lies in a plane inclined at 40°, draw 
a plane inclined at 50° and containing the line. Determine the 
angle betweeen the planes. 

9. Through the line in Ex. 8 draw a plane making an angle of 
54° with the given plane. 

10. Through a line inclined at 30° draw two planes inclined at 
40° and 45° respectively. How many solutions does this problem 
admit ? 

11. Two indefinite lines contain an angle of 60°, one is in- 
clined at 50°, the other at 40° : draw their plan and determine 
the inclination of the plane containing them. 

12. The horizontal trace of a plane makes an angle of 60°, 
and the vertical trace an angle of 50°, with xy : draw a straight 
line parallel to this plane and inclined at 20°, passing through a 
point 2 in. high and 2 in. distant from the plane. 

13. Through a point 3 in. high in the V. P. draw a line mak- 
ing an angle of 30° mth that plane and of 45° with the H. P. 

14. From a point 2 in. high in a plane inclined at 50°, deter- 
mine (a) a perpendicular to the plane, (/3) a straight line lying 
in the plane and inclined at 25°. Find the inclination of the plane 
containing the lines (a) and (/3). 

15. From a point 3 in. high draw indefinite straight lines A B, 
AC at right angles to each other, A^ inclined at 30° and AC 
at 20°. 

16. Draw the plan of a right-angled triangle ABC lying in a 
plane inclined at 45° : the side AB being inclined at 25. AB 
=BC=2-5in. 

17. Draw the plan of the regular pentagon, side 2*5 in., when 
two of its adjacent sides are inclined at 15° and 30° respectively. 
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18. Draw the traceB of a plane inclined at 50^ and perpendi- 
cular to the v. P. Determine the angle which a horizontal line 
making an angle of 50^ with x y makes with the inclined plane. 

19. Two lines,, inclined, one at 20°, the other at 40°, lie in a 
plane inclined at 50°. Find the angle between them. Solve 
both cases. 

20. Two lines meeting in a point make an angle of 100°. The 
angle between the lines of which these are the plans is 90° : they 
are equally inclined to the horizon : find the inclination of the 
plane containing them. 

21. A plane is inclined at 50° to the H. P. Its horizontal 
trace makes an angle of 30° with x y : determine, by its traces, a 
second plane perpendicular to the first, and inclined at 60° to 
the H. P. 

' 22. Two of three planes mutually perpendicular are inclined 
at angles 40° and 65° to the H. P. ; at what angle is the third 
plane inclined ? 

23. Draw the plan of aline, 3 in. long, inclined at 60°, and the 
plan of the locus of the extremities of lines 2 in. long drawn 
from the upper end of the first line making angles of 30° with it, 
downwards. 

24. The three plane angles of a trihedral angle are 35°, 40°, 
50° : determine its dihedral angles. 

25. The three dihedral angles of a trihedral angle are 145^^ 
140°, 130° : find its plane angles. 

26. Two sides of a spherical triangle are 84° and 44°, the in- 
cluded angle is 36° : find the remaining parts. 

27. Two sides of a spherical triangle are 80° and 109°, the 
angle opposite the first is 33° : find the other parts. 

28. In a spherical triangle ABC, given A = 47°, B = 52°, 
a ss 56° : solve the triangle. 

29. The horizontal trace of a plane makes an angle of 30-^ 
with X y and the vertical trace an angle of 50°, find the point 

II. F 
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in which a line parallel to a; y, 2 in. above the H. P. and 1*5 in. 
from the V. P., meets this plane. 

30. The angle observed from a point A to two points B and C, 
of which the altitudes above the horizon from the same point are 
30^ and 35° respectively, is 45° : construct the plan of the angle 
between the lines A B and A C. 
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CHAPTER III. 

HORIZONTAL PROJECTION. — INTRODUCTION. 

1. It has been shown in the preceding chapters that all points 
and lines in space can be represented by means of their projec- 
tions on two planes cutting each other at right angles. Some- 
times, however, it is more convenient to represent objects by 
their plans alone. This is especially the case in fortification and 
topographical drawings, in which, since many of the lines are 
nearly horizontal, the elevations would oflen intersect beyond 
the limits of the drawing. The elevations thus dispensed with 
are replaced by indices, affixed to the plans of the various points, 
denoting the vertical distances of those points from a given hori* 
zontal plane called the plane of reference or comparison. This 
kind of projection is known as horizontal projection, A figured 
plan is a plan which has attached to it a number, showing, in 
units of the scale of the drawing, the vertical distance from the 
plane of reference of the point of which it is the plan. This 
number, as stated above, is termed the index of the point. The 
indices of all points in the plane of reference will evidently be 
zero ; whilst those of all points below that plane will be nega- 
tive. Negative indices may however be avoided by assuming 
the plane of reference to have an elevation not greater than that 
of the lowest point in the drawing. In the following problems 
the horizontal plane of projection will be assumed as the plane of 
reference. The horizontal trace of a line will then be that point 
in the line whose index is zero. This will be termed the zero 
point of the line. Again, since all points in a horizontal line, or 
in a horizontal plane, are equidistant from the plane of reference, 
they must evidently have the same index ; and when such line is 
the horizontal trace of a plane, its index will be zA*o, and it will 
be simply called the trace of the plane. 

r 2 
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2. As an illustration of the foregoing definitions it may be 

stated that the point lettered thus, P^ p, denotes a point in 

space whose plan is P, and whose vertical distance from the 

plane of reference is p units of the scale of the drawing. If the 

unit were '1 incli, Py 3 wotdd be a point '3 in. above the plane; 

P^-3 a point '3 in. below it. 

It is manifest that a point is known when given bj its figured 

plan. For any straight line drawn in the plane of reference may 
be conBideved as the intersection of that plane by a vertical 
plane ; find on this plane an elevation may be made in accord- 
ance with Obap. I. This is what must be understood when in 
the following problems the expression ' make an elev<ition of the 
point ' oecurs. 

A straight line is determined by the figured plans of two of its 
points, since only one straight line can pass through the same 
two points. 

The line mentioned above corresponds to the axis or ground 
line in Chapters I. and II. ; it will, however, in this Chapter, be 
termed the line of level; and, unless the contrary be stated, its 
index will always be zero. 

3. When two straight lines intersect in space, their plans also 
cut each other, and the point of intersection has the same index 
in both plans. It can therefore be ascertained whether two lines, 
whose plans have a common point, cut each other or not. 

4. Since parallel straight lines are equally inclined to the plane 
of reference, their plans, which will be parallel, will have their 
indices increasing uniformly in the same direction. In other 
words, equidistant points on the plans of two parallel lines will 
have equidifierent indices. This affords a means of determining 
whether lines given by their plans are parallel or not. 

5. The contours of a surface are the lines in which it is inter- 
sected by a series of equidistant horizontal planes. From this 
definition it follows that the contours of a plane are a series ot 
equidistant horizontal straight lines, parallel to the horizontal 
trace of the ^lane. 

C. The horizontals of a plane are the plans of its contours, and 
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are therefore a series of equidistant straight lines parallel to the 
horizontal trace of the plane. 

A plane is adequately represented by two of its figured hori- 
zontals. This is evident ; for if a line of level (2) be drawn at 
right angles to the horizontals, it will be the horizontal trace of 
a vertical plane at right angles to the given plane, and to its con- 
tours. The traces of the contours on this plane may be at once 
determined, since they will be situated in the horizontals pro- 
duced, and at distances from the line of level equal to their 
respective indices. These traces will be two points in the trace 

Fig. 4da. 




of the given plane ; the straight line joining them will be that 
trace, and if produced to meet the line of level, the angle which 
it makes with that line will be the angle at which the plane is 
inclined to the horizontal plane. The straight line drawn through 
the point in which the trace and line of level intersect, parallel 
to the horizontals, will be the horizontal trace of the plane. 
To illustrate this, let A^a and B/5 (Fig. 45a) be two horizontals 
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of a plane. Draw x y Sit right angles to these horizontals, and 
meeting them in r and 8 respectively, make r A' equal to a, 8 B' 
equal to b ; then the straight line P Q passing through A' and 
B', and meeting a? ^ in O, will be the trace of the given plane ; 
the angle Q O ^ will be its inclination to the horizontal plane ; 
and the straight line 0,0, drawn through O, parallel to A,a and 
B,b, will be the horizontal trace of the plane. 

This construction will sometimes be called ^ making an eleva- 
tion of the given plane on the line of level x y,' because the line 
P Q contains the elevations of all points and lines in the given 
plane, when the vertical plane, whose trace is a; y, is considered 
as the plane of projection. 

7. The horizontals of parallel planes will be parallel {Euc. xi. 
16), and their indices will increase uniformly in the same direction. 
That is, equidistant horizontals in the two planes will have equi- 
different indices. This property affords a means of ascertaining 
whether planes are parallel or not. 

8. The scale of a plane is a straight line, perpendicular to its 
horizontal trace, graduated at the points in which it would be cut 
by equidistant horizontals of the plane, the points of graduation 
having attached to them the indices of the corresponding hori- 
zontals. 

Let H T (Fig. 46a) be the horizontal trace of a given plane. 
Draw X y Rt right angles to H T, and meeting it in O. Through 
O draw P Q, making with x y aa angle equal to the inclination 
of the given plane to the horizontal plane. From any point M 
in P Q draw M R perpendicular to a? y ; set off, on R M, R a = 
a6 = 6c=c*(/= &c. &. c. &c. = 1 unit of the scale of the draw- 
ing ; draw a niy b n, c p, d q, &c. &c. &c. parallel to a; y, and 
meeting P Q in m, n, p, q, &c. respectively ; draw through m, n, 
p, qi &c. straight lines parallel to M R, and meeting x y in the 
points marked 1,2, 3, 4, &c. ; x y will be the scale of the plane 
graduated according to the definition. This will be evident if 
the profile plane Q R be supposed to take a vertical position. 

9. The scales of parallel planes will be parallel, since they are 
perpendicular to the horizontals which are parallel (7). 
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If P Q be the elevation of a straight line whose plan is x y ; 
the graduated scale O R will evidently be the scale of the line. 
In order to distinguish between the scale of a plane and that of a 
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line, it is usual in practice to draw the scale of a plane as shown 
in the figure ; whereas the scale of a line is represented by a 
single graduated straight line only. 

10. When the term ^ inclination * is used, without any quali- 
fication, it must be understood to signify the inclination of a line, 
or a plane, to the plane of reference. 



Problem I. 

Through a given point to draw a straight line having a 
given incUnation. 

Let A/i (Fig. 47) be the given point. Through A, in the 
horizontal plane, draw a straight line re ^ : on a; ^ as a line of 
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level, make an elara&ion of A by drawing. A A' perpendicular to 
X y^ and making A A' equal to a. At the point A' in A A' 
make the angle A A' O equal to the oompl^nent of the given 
inclination. Let A' O cut xy in O : the angle A O y being 
equal to the given angle, A' O is the line required. O is a point 
in its plan having an index zero : the indices of two points in the 
line being thus known, the line is determined if the position of 
a; ^ is known ; otherwise the problem admits of an infinite 
number of solutions ; since all straight lines passing through A', 
and meeting the horizontal plane at a distance from A equal to 
A O, will have the same inclination. (Ch. I. 33, Cor, i.) 



Problem II. 

Given the plan of a line ; to determine (1) its inclina- 
tion; (2) the length of the line between two points 
whose indices are given ; (3) a point in the plan having a 
given index ; (4) the index of a given point. 

1. Let A^a and hfi (Fig. 49) be the two given points in the 
plan X y. Assuming a; ^ as a line of level, draw A A' equal to a. 



Fig. 47. 




and B B' equal to J, perpendicular to x y. Join B' A' and pro- 
duce it to meet a; ^ in O : the angle B O ^ will be the inclination 
required. (Chap. I. 33.) • 



HORIZONTAL PR0JBf5TI0N. 78 

2. The line, of which A B is the plan, is the hjpothenuse of a 
right-angled triangle, whose base is equal to A B ; and whose 
perpendicular is a '^ b; A' B' is therefore the line required. If 
a and b had opposite signs, A A' and B B' wotdd have been drawn 
on opposite sides of x y. The perpendicular would then have 
been a + 5. This construction applies to (1) also. 

3. Let CfC be any point in A B ; draw C C perpendicular to 
X y ; through A', B', Q' draw straight lines parallel Xxi x y : theu 
by similar triangles, 

a '^b'.a ^c:: A'B' : A'C. 

: : A B : A C (a) ; 

therefore, A C = "^ , x A B, which determines A C, since a, 5, c 

and A B are known. 

4 AB : AC :: a'-ft : a'-c (/?) ; 

A C 

therefore, -^ ( a 6 ) x -t-q' ^^^^^ added to the index of 

A gives the index of C. 

This construction has been based on the assumption, that 
the index of the horizontal line a; ^ is zero. Should this not be 
the case, the index of that line will have some definite value as 
± ^f which must in every case be added, with its proper sign, to 
the index obtained. 

N.B. The readiest way of finding A C in (a) and a ^ c in (/3) 
will be to use the line of lines on the sector. 



Problem III. 

Through a given point to draw a straight line parallel 
to a given straight line. 

Let A^a and Bfi (Fig. 48) be two points in the plan of the 
given line : C,c the given point. Then since the lines are to be 
parallel their plans will be parallel. (Chap. 1. 11.) Draw through 
C a straight line F Q parallel to A B : P Q will be the plan of 
the required line. Make C D equal to A B ; I>,d will be a point 
whose index d = C+ (a '^ b) according as 6 7 or Z. a ; and the 
line is determined. 
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Problem IV. 

Through a given point to draw a plane parallel to a 
given plane. 

Since the planes are to be parallel, their horizontals will be 
parallel. {Euc, xi. 16.) 
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Let A,a and Bfi (Fig. 49) be two horizontals of the given 
plane : C,c the given point. Draw a; ^, as a line of level, per- 
pendicular to the horizontals. The line C^c perpendicular toxy, 
will be a horizontal of the required plane. Make C D equal 
to A B : through D draw a straight line parallel to C,c : this 
will ba another horizontal of the required plane ; and its index 
d will evidently be equal to c — (a '^ J), according as b is 
greater or less than a. 

Otherwise, let M N (Fig- 52) be the scale of the given plane, 
the index of M being zero : A^a the given point. Through A 

Fiff. 60. 




draw P Q the scale of the required plane, parallel to M N. Let 
N be the point whose index is a : make A P equal to M N : P 
will be the zero point of the scale of the plane required which 
can at once be graduated from that of the given one. 
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Problem V. 

Through a given point in a given plane, to draw a 
straight line that shall have a given inclination. 

The inclination of the line cannot be greater than that of the 
plane. (Chap. I. 33.) 

If the inclination of the line be equal to that of the plane, 
only one line can be drawn. In this case the problem will be 
solved by drawing through the given point a straight line, per- 

Fig. 61. 




pendicular to the horizontals of the plane : this will be the plan 
of the required line : and the points in which it cuts the hori- 
zontals will have the same indices as the horizontals. 

If the inclination of the line be less than that of the plane, the 
problem will be indeterminate, since two lines can be drawn, 
lying in the given plane, and making the given angle with the 
horizontal plane. 

Through A.,a, the given point (Fig. 51), draw a; y perpendicular 
to Ofi and B^^, the horizontals of the given plane. On a; y, as a 
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line of level, make an elevation A' of the given point A,a : find 
the point in a; ^, whose index is zero (Prob. II.), let it be O : 
through diaw D, parallel to the given horizontals : this will 
be the trace of the given plane. At the point A' in A A' make 
an angle A A' Q, equal to the complement of the proposed incli- 
nation. Let A' Q cut a; ^ in Q ; A' Q will be a line having the 
proposed inclination : A Q its plan. With A as a centre and 
radius A Q, describe a circle cutting D D' in D and D^ : join 
A D and A D' ; these lines will be the plans (Chap. I. 33) of the 
two lines which fulfil the conditions. 



Problem VI. 
To find the intersection of two given planes. 

1. Let the horizontals A/i, Bfi and C,c, D,d (Fig. 52) of the 
given planes be parallel. Draw x y perpendicular to the hori- 
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zontals ; on a? y, as a line of level, make elevations A' B', Q' D' of 
the planes. Through P' the point in which these elevations in- 
tersect, draw P,/), parallel to Afl or 0,0 ; P,p will be the plan 
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of the intersection of the planes, and its index p may be readily 
determined from the indices of the given horizontals. (Prob. II.) 
2. If the horizontals of the two planes be not parallel, let A,a 
and 'Bfi (Fig. 53) be the horizontals of one plane ; Qfi and D^rf 
those of the other : in this second plane find (Prob. II.) two hori- 
zontals A^flf and B^ft : the points in which these respectively in- 
tersect the corresponding horizontals of the first plane, will be 
two points in die plan of the required intersection. The straight 
line drawn through these points will be the plan required : and, 



Fig. o3. 





since the indices of two points in it are known, it is fully deter- 
mined. 

Otherwise, let M N and P Q (Fig. 54) be the scales of the 
given planes ; M R and P S being their traces : through the 
points of the scales figured a and h in each draw straight lines 
parallel to the traces of the respective planes. Let these parallels 
intersect in A^a and B^^ : the indefinite straight line passing 
through A and B will evidently be the plan of the intersection. 

The solutions of the cases when the scales are parallel, and 
when one of the planes is perpendicular to the plane of reference, 
may be drawn as an exercise. 
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Fig. 54. 




Problem VII. 



To find the intersection of a given straight line and 
a given plane. 




Let A,a and B^ft (Fig. 55) be the horizontals of the given 
plane : D C the plan of the line. Draw x y perpendicular to 
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A^a or Bfi : on a; ^ as a line of level, make elevationB of the 
plane and the line. 

The point P' in which C D', the elevation of the line, cuts A' B', 
the elevation of the plane, will be the point required. For the 
elevation of the point in which the line meets the plane must be 
in A' B' and in C D' ; it will, therefore, be P', the point in 
which these lines intersect. Let P' P drawn parallel to D D', cut 
C D in P : P will be the plan of the point of intersection : its 
index p being equal to P' Q. 



Problem VIII. 

To draw a straight line through a given point per- 
pendicular to a given plane. 

Let AjG, Bfi (Fig. 56) be two horizontals of the given plane ; 
"P^p the point. Since the line is to be perpendicular to the 
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plane, its plan will be perpendicular to the trace of the plane. 
( Chap. L 31.) 

Let a; y be this plan ; on it make an elevation A' B^ of the 
plane ; and an elevation P' of the point. Then the elevation of 
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the line will be perpendicular to that of the plane (Chap. I. 31). 
Draw P' Q' perpendicular to A' B' ; this will be the elevation of 
the line ; and since P' Q' lies in the vertical plane passing through 
X y, it is evident that P' Q' measures the distance of the given 
point from the given plane. If P'Q' meet x y in O : P' O P 
i¥ill be the inclination of the line. 



Problem IX. 

Through a given point to draw a plane perpendicular 
to a given line. * 

Let X y (Fig. 56) be the plan of the line, P^p a point in it, 
'Rfi the given point. P' O being the elevation of the line, B' 
that of the given point ; through B^ draw A' B' perpendicular to 
P' O ; A' B' will be the elevation of the plane : and since the 
indices of the horizontals passing through B and Q are known, 
the plane is determined, and may be easily represented either by 
its horizontals or by its scale. 



Problem X. 
To determine the angle between two given planes. 

Determine the traces A^o of each plane and two horizontals 
'B,h : let these horizontals intersect in C, and the traces in O 
(Fig. 57) ; the straight line x y drawn through O and C will be 
the plan of the intersection of the planes (Prob. VI.) In a? y find 
apoint Hfh ; draw H H' perpendicular U> x y, and h units in 
length. Join O H' ; from H', draw H' Q perpendicular to O H' 
and meeting x y itlQ,i through Q draw A Q A'** perpendicular to 
x y : meeting the traces in A and A''. Make Q R equal to Q H' 
join A R and A^'R : the angle A R A'' will be the angle required 
(Chap. I. 36). 

This problem maybe solved in a similar way when the planes 
are given by their scales. 

II. o • 
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Problem XI. 

Through a given straight line to draw a plane perpen- 
dicular to a given plane. 

If from any point in the given line a straight line be drawn 
perpendicular to the given plane. The plane containing this 
perpendicular and the given line will be the plane required. 

Let M N (Fig. 58) be the scale of the given plane ; H M 
being its trace ; A B the plan of the given line ; the in4ex of A 
being zero, that of B, h. Through B draw H I perpendicular to 
H M : B C parallel to H M : make B B' equal to 5 ; and B C 
equal to the index of the corresponding point of the plane. Join 
C H, and draw K' I through B' perpendicular to C H, and 
meeting HI in I ; I will be the trace of this perpendicular 
(Prob. VIII.) The trace of the required plane must pass through 
I and also through A, the trace of the given line. I A is there- 
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fore the trace required. Draw K' K parallel to HM ; KK' will 
be equal to the index of a point in the plane. If the scale line 
P Q be drawn perpendicular to the trace I A, and graduated, 
the problem is solved. 

Fig, 58. 




To graduate the scale : let I A and P Q intersect in : join 
K : in E K' make K h equal to one unit of altitude : draw h 1 
parallel to K and meeting P Q in 1 ; 1 will be the first 
division of the scale ; which may therefore be completed by 
setting off along P Q distances equal to 1, and affixing the 
proper indices. 

Problem XII. 

Through a given point in a given plane, to draw a 
straight line, which shall make a given angle with a given 
straight line in that plane. 

Let M N (Fig. 59) be the trace of the plane, A O the figured 
plan of the given line ; ^^p the given point : through P draw 

e 2 
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P Q parallel to A O, meeting M N in R, and xy perpendicular 
to M N ; draw P P' perpendicular Xx} xy, and equal to p units of 
altitude. Join P' with V the point in which x y cuts M N ; 
make V S equal to V P' : join R S ; make the angle R S T equal 



Fig, 59. 




to the given angle. Join T P ; T P will be the plan of the re- 
quired line, which may be figured by drawing parallels to M N. 
This construction is obvious, since the triangle T P R is evi- 
dently the plan of a triangle identical with T S R. (Chap. I. 35.) 



Problem XIII. 

Through a given point to draw a straight line, having 
a given inclination and parallel to a given plane. 

Let H^A, I^i (Fig. 60), be two horizontals of the given plane, 
V,Pj the given point : on a; y as a line of level at right angles to 
the horizontals, make an elevation H' I' of the plane, and let 
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H' I' meet x yin O : through O draw O E perpendicular to 
a; ^ ; O E will be the trace of the plane. At F make the angle 
I P G, equal to the complement of the given inclination. From anj 
point A in the horizontal I^t, draw A B perpendicular to I^t, and 
equal to I G : with A as a centre and radius A B, describe a 
circle cutting the trace O E in D and E : D and E will be the 



Fig, 60. 




zero points of two lines in the plane, having the given inclination : 
the plans of these lines will evidently be A D and A E. Through 
VfP draw P Q and P R parallel to A E and A D respectively ; 
P Q and P R will be the plans of two lines fulfilling^ the condi- 
tions of the problem. The index of P and the inclination of the 
lines being given, the plans may readily be figured. 

N.B. — The inclination of the line must not be greater than that of the 
plane. (Chap. I. 33.) The problem, depending upon the intersection of a 
straight line and a circle, will evidently admit either of two solutions, or of 
one solution, or be impossible, accordingly as the circle cuts D, touches 
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D, or does not meet D : the third case ariftes when the inclination of 
the line is greater than that of the plane ; the second when it is equal to 
it ; the first, when it is less. 



Problem XIV. 

To draw a plane, making a given angle with a given 
plane, and containing a given line in that plane. 

The line will evidently be the intersection of the given and 
required planes. 

Let Ap (Fig. 57) be the trace of the given plane, P Q its scale, 
X y the plan of the given line ; in x y, take a point H^A, draw 
H H' perpendicular Ui x y and equal to h units of altitude ; join 
H' with O the trace of the line ; draw H'Q perpendicular to 
O H' and meeting x y \xi(i\ through Q draw A Q A!' perpendi- 
cular to a; ^ ; make Q R equal to Q H ; join A R ; draw R A'', 
making with A R an angle equal to the profile angle of the two 
planes, and cutting A A'' in A'' ; A'^ will be a point in the trace of 
the required plane, and O is another point in the trace, con- 
sequently the straight line A'' O is the trace ; and since H^A is a 
point in the plane, if the scale be drawn through H perpendicular 
to the trace, it can be graduated at once. 



Problem XV. 

Given the plans of two lines, to determine the angle 
contained by the lines. 

Let A P and A Q (Fig. 61) be the plans of the lines, P and 
Q being their traces, A^a the point of intersection ; then the 
straight line P Q will be the trace of the plane containing the 
lines. Through A draw A B perpendicular to P Q; draw A A' 
perpendicular to B A, and equal to a units of altitude ; in B A 
produced make B A" equal to B A', join P A" and Q A'' ; the 
angle P A" Q will be the augle required. (Chap. I. 36.) 
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Fig. 61. 




Pkoblem XVI. 

To determine the horizontals and the inclination of a 
plane containing three given points. 

Let A^a, B^5, C^c (Fig, 62) be the given points. 
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Join any two of these points as B and C ; in the line B C, find 
a point whose index is a (Prob. 11.). Join this point with K,a : 
the line thus drawn will be a horizontal of the required plane, 
having an index a ; a line drawn through B or C parallel to 
A,a will be a second horizontal of known index, and the plane 
is therefore determined. 

Draw 2; ^ at right angles to these horizontals ; on it as a line 
of level make elevations A', B', O of A, B, C respectively. A', 
B', C, being points in the vertical trace of a plane, should be in 
a straight line. The angle C O y which this line makes with x y 
is evidently the inclination of the plane. 



Problem XVII. 

To find the angle between a given straight line and a 
given plane. 

Let P Q (Fig. 63) be the trace of the given plane, a its in- 
clination, A B the plan of the line. 

Draw a; ^ at right angles to P Q, on it as a line of level make 
elevations, Q R of the plane, and a' b' of the line; through h' the 
trace of the line, draw m n parallel XX) x y: make m n equal to 
A B, and a' equal to a' n : the angle a' V will be the angle 
required. 



Problem XVIII. 

To draw a straight line perpendicular to two given 
straight lines. 

Let A F, C D (Fig. B4) be the plans of the lines ; through any 
point CyC of the lower line draw a line parallel to the upper line, 
find its trace E, ; and the trace H, of the lower line ; join H E : 
this will be the trace of a plane, containing the lower line and 
parallel to the upper ; from Q in H E produced draw x y perpen- 
dicular to H Q ; on it make an elevation of the plane, and from 
A, a draw a perpendicular to it : through the foot of this perpen- 
dicular draw a line parallel to the upper line, and in the plane, to 
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%. 68. 




2^.64. 




meet the lower line ; from the point of intersection draw a line 
parallel to the perpendicular, this will be the perpendicular 
sought. 
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Problem XIX*. 



To draw a plane perpendicular to a given plane and 
inclined at a given angle. 

Fig. 66. 




Let P Q R (Fig. 65) be the given plane, its horizontal trace 
being perpendicular to a? y, a being the given angle. Make any 
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point (v, t/) in the plane P Q R the vertex of right cone whose 
generatrix makes an angle a with the horizontal plane on which 
it stands, bed being its base. From {v, v') draw a straight line 
(t; a, V* a') perpendicular to the given plane ; from its trace a draw 
a tangent to the circle bed: this will be the horizontal trace of 
the required plane ; its vertical trace S R can readily be deter- 
mined since the plane contains the vertex of the cone. 



Problem XX. 

To draw a plane to contain a given line and have a 
given inclination. 

1. If the line be horizontal, it will be a horizontal of an in- 
definite number of planes. 

2. If the line be not horizontal, let A B (Fig. 66) be its plan ^ 
on A B, as a line of level, make aa elevation A' oi A, 



Fig, 66. 




At A' in A A', make the angle A A' P equal to the comple- 
ment of the given angle of inclination. I^et A' P cut A B in P ; 
with A as a centre, and radius A P, describe a circle G P D ; from 
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O, the zero point of A B, draw O C and O D, touching this circle 
in C and D. O C and O D will be the horizontals of two planes 
fulfilling the proposed conditions. The inclination of the plane 

Fig, 67. 




being given, other horizontals may be determined, having given 
indices. 

Note. — The inclination of the plane mnst not be less than that of the 
line. (Chap. I. 33.) If the inclination of the plane be equal to that of the 
line, there will be only one solution, P and "will coincide, and the hori- 
zontal trace of the plane will pass through and be perpendicular to A B. 



Problem XXI. 

Through a straight line inclined at a given angle, to 
draw two planes inclined at given angles. 

Let the angle of inclination of the line be a ; those of the 
planes being /3 and y respectively. 

Assume the line to be projected in x y (Fig. 67) at any point 
A in X ^ ; make the angle BAB' equal to a, and from a second 
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point B draw B B' perpendicular tox y; A will be the trace of 
the line ; B fi (if B B' be equal to b) will be a point in both 
planes. 

Make the angle B C B' equal to /3, and B D B' equal to y : 
B' b may be assumed as the common vertex of two right cones 
whose generatrices are inclined at angles fi and y respectively 
to the horizon : the required planes must be tangents to these 
cones, each to each ; their traces must pass through A, and touch 
the traces of the cones (Chap. I. 43). 

The following will therefore be the construction : — 

With B as a centre and radii B C, B D describe the circles 
P C R, Q D S : from A draw A P and A S touching these circles 
in P and S : A P and A S will be the traces of two planes ful- 
filling the conditions. Through B draw B E parallel to A P ; 
B F parallel to A S ; these lines will be horizontals of the planes 
having an index b, the planes are therefore determined. 

This problem admits of four solutions, as shown in the figure. 

Cor. If the angles a, /3 (or y) and B A S, were given, the 
angle y (or fi) might readily be found, as is evident from the 

construction. 



Problem XXII. 

To draw a tangent plane to a given cone through a 
given point on its surface. 

Let acbd (Fig. 68) be the horizontal trace of the cone ; (v, v') 
its vertex. 

To determine the limits within which the projections of all 
generatrices must lie : draw in the horizontal plane the tangents 
u a, V b; the plans of all generatrices will lie between v a and v b. 
Draw c d and d d' tangents perpendicular to x y\ join v' d and 
v' d'. The elevations of all generatrices will be between v' c' 
and t/ d'. 

Next, to find the points on the surface corresponding to a given 
projection : let m' be the given projection. Draw the straight 
line v' m'j cutting x y m e' \ draw t' e perpendicular to x y; v' e' 
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and t^ e are the traces of a plane perpendicular to the vertical 
plane of projection, containing the required points, and passing 
through the vertex of the cone. This plane cuts the surface of 

Fig. 68. 




the cone in two generatrices (Chap. I.) ; and since its horizontal 
trace meets a cb dine and/, it is manifest that the plans of the 
generatrices are the straight lines v e and v f. Draw m'm per- 
pendicular to a; ^, meeting t; e in m and v/in rz ; m and n will be 
the plans of the points whose elevation is m'. 
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To draw a tangent plane through the point (n, n'\ it mnst be 
remembered that this plane will contain the generatrix {yf^ '^'f'^i 
and tonch the cone throughout the entire extent of that line 
(Chap. I.) Draw PS, touching achdm f'^ find (Chap. II. 
Prob. ni.) t' the vertical trace of (v/, v'f) ; through t' draw RS : 
P S R will be the plane required. 

In the same way a second tangent plane may be determined, 
as P Q T, containing the generatrix (y e, t/e'). 

If through any point in the generatrix a straight line (vr, t/ r') 
be drawn parallel to the trace P Q, the vertical trace of this line 
will evidently be a point in the vertical trace of the plane. This 
sometimes affords a means of determining the vertical trace of the 
plane, when that of the generatrix ^Is beyond the limits of the 
drawing. For example, the vertical trace Q T was found by means 
of r', the trace of (y r, vV), because that of (y e, v' e') could not be 
conveniently determined. 



Problem XXIII. 

To draw a tangent plane to a given cone through a 
given point without it. 

Every plane touching the cone passes through the vertex 
(Chap. L 43), and has its horizontal trace a tangent to the base 
of the cone. 

The problem may therefore be solved as follows ; — 
Join the given point with the vertex of the cone ; determine 
the traces of the line joining these points (Chap II. Prob. III.) ; 
through its horizontal trace draw tangents to the base of the 
cone. These tangents will be the horizontal traces of two planes, 
fulfilling the conditions of the problem. Their vertical traces 
will be the straight lines drawn through the vertical trace of the 
said line, and the points in which the horizontal traces meet the 
ground line. 
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Problem XXIV. 

To draw a tangent plane to a given cone parallel to a 
given straight line. 

Since the plane must pass through the vertex of ike cone, the 
problem may be solved by the following construction : — 

Through the vertex of the cone draw a straight line parallel to 
the given line. (Chap. II. Prob. II.) Determine the traces of this 
line. (Chap. II. Prob. III.) Ti rough its horizontal trace draw 
a tangent to the base of the cone. This will be the horizontal 
trace of the required j)lane. Through the point in which this 
trace meets the ground line, and the vertical t|race of the line 
passing through the vertex, draw a straight line ; this will be 
the vertical trace of the plane. 



Problem XXV. 

To draw a straight line through a given point to make 
a given angle with one given plane and to be parallel to 
another given plane. 

The angle between the line and the plane must not be greater 
than that contained by the two planes. (Chap. I. 33.) 

Let A, a (Pig. 69) be the given point; PQ the trace, B^b a 
horizontal of the first plane ; C^c and D^d two horizontals of the 
second plane. Draw x y perpendicular to P Q, and on a; ^ as a 
line of level make an elevation Q R of the first plane : assume 
A,,a to be the vertex of a right cone, with circular base, standing 
on the plane P Q R ; so that A' G' H' is its elevation ; the curve 
M O N being the plan of the base of the cone (Chap. 11. Prob. 
XL.) ; and the angle A' G' H' equal to the given angle. 

Through A,a draw a plane parallel to the second (Prob. IV.) : 
find (Prob. VI.) E F the intersection of this plane with the plane 
P Q R : let E F meet the plan of the base of the cone in M and 
N: through A draw AM and AN: these will be the plaoa or 
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two lines folfillii^g the conditionB of the problem. For, being the 
plans of the generatrix of the cone in two positions, they make 

Fiff.^9 




the given angle with the plane P Q R, and also being in 4 plane 
parallel to the second plane, they are parallel tc that plane. 



II. 
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Problem XXVI. 

To <}raw a plane to contain a given line, and to make a 
given angle with a given plane, not containing the line. 

Let P Q (Fig. 70) be the trace of the plane, A C the plan of 
the line. Draw xy at right angles to PQ ; and on x^ as a line 
oi level make an elevation Q R of the given plane. 

Fiff. 70. 




Make any point A^a in the given line the vertex of a right 
cone with circular base standing on the plane P Q R ; its gene- 
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ratrix making with that plane an angle equal to the given 
angle. Let A' G' H' be the elevation of that cone, the ellipse 
M O N being the plan of its base. Find by Problem VII. Bfi 
the point in which the line (A C, A' C) meets the plane P Q H. 
From B draw B M and B N, touching M O N in M and N re- 
spectively : B M and B N will be the plans of two lines in which 
the plane P Q K is cut by two planes, which will fulfil the 
conditions of the problem, when made to contain the point A a : 
which may readily be accomplished by determining the trace of 
the plane by means of those of the lines (A B, A' B') and (A M, 

A' M'). 

By turning the plane P Q R, with the base of the cone in it, 
about its trace P Q, as shown in the figure, and drawing tangents 
B M, B N to the circle M O N, the points M and N may be found 
(Chap. I. 36), without describing the ellipse M O N and drawing 
tangents to it. 

Problem XXVIL 

To draw a plane that shall have a given inclination, and 
make a given angle with a given plane. 

The steps in the solution of this problem will be indicated 
without the aid of a diagram, which a knowledge of the preceding 
portion of the work will enable the reader to supply. 

Make any point the common vertex of two right cones A and 
B, with circular bases ; A having its axis perpendicular to the 
horizontal plane and its generatrix making with that plane an 
angle equal to the given inclination ; B having its axis perpendi- 
cular to the given plane, its generatrix making with that plane 
an angle equal to the angle between it and the required plane. 

Determine the intersections of these cones by the horizontal 
plane ; that of A will be a circle ; that of B an ellipse. Every 
common tangent that can be drawn to the circle and the ellipse 
will be the trace of a plain fulfilling the given conditions ; and 
since the inclination of the plane is given, its scale can be con- 
structed. 

It is evident that, when the circle and the ellipse fall entirely 
without each other, four common tangents can be drawn to them; 

H 2 



100 



HORIZONTAL PBOJBXmON. 



when they touch, three or one ; when they cut, two ; when one 
falls within the other without contact, none. The problem, 
therefore, admits of one, two, three, or four solutions; or it is 
impossible. 



Problem XXVIII. 

To draw a tangent plane to two given spheres through 
a given point. 

Assume the centre Cj, c^.of the spheres (Fig. 71) and the given 
point j> to be in the horizontal plane, b qbi and d rdi being great 

Fig. 71. 




circles. To these circles draw the common tangents vd & and v ef,6| ; 
the point t; will lie on the line q v, passing through the centres 
Ci , C2, and if the tangents revolve aroimd this line v q they will gene- 
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rate a cone, such that erery plane which touches it will also touch 
the given spheres. The horizontal trace of one such plane will 
eridently be the straight line P Q passing through the given point 
p and the vertex of the cone v, which will be one point of contact. 
Join bi b and produce it to P ; &| P will be the trace of a verticaJ 
plane containing a second point of contact, whilst 6] b will be the 
diameter of the circle in which that plane cats the sphere : turn 
this circle about its diameter bi b until it takes the position 
A 6i A| in the horizontal plane : from P draw P A to touch this 
circle in A : A will be the point of contact : draw A a perpen- 
dicular to ^i P ; a will be the plan of that point. To determine 
the vertical trace of the plane : through a draw a m parallel to 
P Q, draw m n perpendicular U) x y and equal to A a ; n will be 
a point in the vertical trace of the plane, which will therefore be 
Q R, drawn through Q and n. It is evident that, if in n m pro- 
duced m n' be made equal to m n, the straight line Q S drawn 
through n' will be the vertical trace of a second plane touching 
the cone, and therefore the spheres, in the point A' below the 
horizontal plane. 

When the circles bi g b and d^ r cf lie entirely without each 
other, as in the figure, two pairs of common tangents can be 
drawn, thus giving rise to four solutions. In. the second pair the 
point of intersection will be between C] and c^, but the con- 
struction will be similar to the preceding one. 

When the circles touch there will generally be only two solu- 
tions ; but a third, when the point p lies in the vertical plane 
passing through the point of contact. 

When the spheres cut each other there will be only two 
solutions. When one sphere &lls within the other there will bs 
no solution. 

Problem XXIX. 

To draw a tangent plane to three given spheres. 

» 
Assume the plane containing the centres C], c^, c^ (Pig- 72) 

of the spheres, as the horizontal plane of projection, so that/r^, 
Ji s h, b hi t are great circles. Let v^ be the vertex of a cone 
circumscribing the spheres Cj, c^: V2 the vertex of a cone cir 
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cumscribing the spheres c^t C3, any plane which touches these 
cones will also touch the three spheres. Now the horizontal 
trace of a plane touching the cones is evidently the line P Q 
passing through Vi and v^. To determine the vertical trace it 
will be necessary to find the point in which the plane touches any 

Fiff. 72. 




one of the spheres, and this may be accomplished in the same 
way as in Prob. XXVIII. The constructions shown in the figure 
for the spheres Cj, C3, both give the same trace Q K. The vertical 
trace of a second plane, touching the spheres below the ground 
line, will be a straight line Q S such that the angle S Q a; is 
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equal to the angle R Q a;. This problem will manifestly admit 
of various solutions since the three spheres can be combined two 
and two in three ways, and the vertices of the cones may fall 
between the spheres as well as exterior to them. 



Problem XXX. 

To determine the plan of a rectilineal figure^ having 
given (1) the inclination of its plane^ and that of one side : 
(2) the inclination of two of its sides. 

Either of these data will suffice to determine the position of 
the figure with reference to the horizontal plane. The problem 
will be simplified by assuming the plane of the figure at right 
angles to the vertical plane of projection ; consequently, its trace 
will be perpendicular to the groimd line, or line of level. 

1. Let P Q R (Fig. 73) be the given plane, draw a P, the plan 
of a line in it, having the given inclination (Prob. XIII.). Find 
by Chap. I. 36, the position A, of the point whose plan is a, 
when the plane P Q R has been turned about its trace P Q into 
coincidence with the horizontal plane. Make A B equal to the 
side whose inclination is given ; on A B describe the figure ABC 
in its real magnitude ; find its plan a b c, hy Chap. II., Prob. 
XXXIX., as shown in Fig. 73. 

Note. — It is manifest that any line A B, and its plan a b, if 
produced, will meet the trace P Q in the same point S. The 
point b may, therefore, be found by drawing B T parallel to xt/. 
and cutting a S in ^ ; this method often considerably shortens the 
construction. Although introduced here as a separate, problem, 
this problem is merely a combination of Prob. V. Chap. III. 
with Prob. XXXVIIL Chap. 11. 

2. Let A B C D E (Fig. 74) be the given figure, its two 
sides A B and A E being inclined a° and fi^ respectively to the 
horizon. In A E produced assume any point P, as the trace of 
A E ; make the angle A P G equal to a ; firom A draw A G per- 
pendicular to P G : with A as a centre and radius A G, describe 
the circle'G K H ; draw Q H touching this circle in H, making 
an angle ^ with A B, and meeting A B, or A B produced, in Q j 
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Fig, 73. 




Q will be the trace of A B ; and the straight line P Q the trace 
of the plane containing the given figure. Then, by Chap. I. 36, 
the plan of A will be in the straight line A T, drawn from A per- 
pendicular to P Q ; its distance from P Q being equal to the 
base of a right-angled triangle, whose hypothenuse is A T and 
perpendicular AH. This triangle may be constructed in the 
following manner : — ^With P, or Q, as a centre, and radius P G, 
or Q H, describe a circle cutting A T in a ; a will be the plan of 
A. Through Q draw x y perpendicular to P Q ; x'y may be 
assumed as the trace of a vertical plane perpendicular to the 
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plane of the figure. Draw A L perpendicular to xtf; with centre 
Q, and radius Q L^ describe a circle L N a' ; draw a M perpen- 
dicular to a;^, and meeting this circle in a' ; a' will be the eleva- 
tion of A on the vertical plane, whose trace is xtf. Through a 
draw Q^ ; Q R will be the vertical trace of the plane of the 
figure ; the angle R Q a; its inclination to the horizon, and Q M a' 
the triangle required. The elevations bi^Cudi^ei, and the plans 
by c, dy e, may now be readily found (Chap. I. 86) ; or by the 
principle stated in the preceding Note. Both constructions are 
shown in the Figure. 



EXEBCISES. 

1. Two lines perpendicular to each other, and each 3" long, 
have a common extremity ; draw their projections — 

a. When one line is parallel to xy, the other inclined at 80°. 

b. When inclined at 30° and 43° degrees respectively. 

2. The horizontal trace of a plane makes an angle of 55°, and 
the vertical an angle of 35°, with x y ; drawing these traces, draw 
the scale of slope of the plane and determine its inclination. 

3. Draw a line, a b, 4" long, its extremities being figured 6, 25, 
and a point p figured 11, 2'' distant from the middle point of 
a b ; determine the plan of the line drawn from the point per- 
pendicular to the line A B. 

4. Draw the plans of three lines mutually at right angles, two 
of them being inclined at 27° and 35°. 

5. Two planes contain a right angle : one is inclined at 60°, 
and their intersection at 50° ; represent them by their scales of 
slope or by their traces. 

6. Draw a triangle AB C,o£ 3, 3*5, 4 inches sides ; the indices 
of A and B are 1*7 and 3*6 ; determine that of C7, so that the 
triangle may be right-angled at A. 

7. Determine the index of C {Ex. 6), the triangle being sup- 
posed right-angled at C instead of A, 
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8. Draw the scale of a plane inclined at 50^ ; in it place a 
line inclined at ^^ ; through this line draw another plane of 
which the horizontals are at right angles to those of the first 
^ne. Determine the angle between the two planes, and the 
inclination of the second plane. ^ 

9. Draw a plane, inclined at 56° ; in it place a straight line 
inclined at 46° ; from any point in this line draw a perpendicular 
to the plane, 2 in. long. 

10. Draw two planes inclined at 40° and 63° respectively and 
intersecting in a line inclined at 27°. Find the dihedral angle 
contained by the two planes. 

11. Two lines, each two inches long, are inclined at 25° and 
30° respectively to the horizon, in a plane inclined at an angle of 
50°. Draw the plan of the lines in position, and construct the 
real angle contained by them. Scale, 10 units to an inch. 

12. Determine the inclination to the horizon of a line 2*78 
inches long, one extremity being 1*56 inches higher than the 
other. Also of another line 3*6 inches long, its plan being 2*3 
inches long. 

13. A line, 2 inches long, has its ends respectively 5 and 19 
units above the horizontal plane. Find its intersection with a 
plane inclined at 60° to the horizon, assuming any relative posi- 
tion on plan. Scale, 10 imits to one inch. 

14. Find the intersection of two planes inclined at 30° and 54° 
to the horizontal ; their horizontals being parallel. 

15. The plans of two lines contain an angle of 80°, the lines 
being incb'ned to the horizon at angles of 50° and 35°. Deter- 
mine the real angle contained by the lines, and also the inclina- 
tion of the plane in which they lie. Through the line inclined 
at 35°, draw a plane making an angle of 75° with the plane con- 
taining the two lines. 

16. Draw a plane, making an angle of 42° with another in- 
clined at 50° to the horizon; and passing through a line, not in 
the given plane, inclined at 30° to the horizon. 

17. Draw a line inclined 35° to the horizon ; through it draw 
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a plane inclined at 58® ; and in the latter place a line making an 
angle of 30® with the former line. 

18. Draw a plane inclined 42® to (lie horizon, and a perpendi- 
cular to it 2 inches long: through the perpendicular draw a 
plane, making an angle of 55® with the horizon. Find bj con- 
struction the dihedral angle of the planes. 

19. A plane inclined at 60® to the horizon makes with another 
plane sn angle of 70®, the intersection of the two planes being 
inclined at 42®. Find the indination of the second plane. 

20. An equilateral triangle, with a side of 2*2 inches, has two 
of its sides inclined at 25® and 40^ to the horizon. Draw its 
plan. Determine the inclination of the plane of the triangle. 
Draw the plan of the circle circumscribing the triangle. 

21. Through a line inclined at 40® to the horizon, draw a 
plane, making an angle of 30® with a plane inclined at 25® to the 
horizon. Scale, 10 units to an inch. 

22. An equilateral triangle of 3 inches side rests on one angl^ 
and ha3 the sides containing that angle inclined at 20® and 30^ 
respectively to the horizon. Construct its plan. 

23. Construct the plan of a square of 2 inches side resting on 
a plane inclined at 50® to the horizon, one of the sides being 
inclined at an angle of 35® to the horizon. 

24. Draw the plan of an isosceles triangle having a base of 1*5 
inches and sides of 2*25 inches ; the triangle being so placed that 
the base is inclined 23®, and the line joining one end of the base 
with the middle point of the opposite side 51®, to the horizon. 

25. A regular pentagon A B C D E of 1*5 inches side has the 
comers A, C, E, 1 inch, 1*5 inches, and 1*8 inches, above the 
H. P. ; draw its plan, and an elevation on a plane parallel to the 
diagonal C E. 

26. Construct a triangle ahc ; adaclO, ac=i 15, ( c =s 20 
units : bisect be in d, and acin e; join d e. The points a, 5, c 
are respectively 13, 23, 33 units high : figure two points in c? «, 
so that it may be 10 units above the plane of ahc (unit='l 
inch). 
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27. Draw the traces and scale of slope of a plane inclined 
at 60°. 

28. An oblique cone 30 units high, radius of base 10 units, its 
vertex vertically over a point in the circumference of its base, is 
to be represented lying on the H. P. on its longest slant side. 

29. One of the lines containing an angle of 30° is horizontal, 

m 

the plan of the angle measures 50° : determine the inclination, 
and draw the scale of slope, of the plane in which it lies. 

30. Draw an isosceles triangle, the equal sides being each 2*5 
inches, the base 3*5 inches; figure the base 12, 30; the vertex 
19 ; determine the true form of the triangle and the inclination of 
its plane. 
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CHAPTER IV. 

TRB PROJECTTOK OF SOLIDS. 

1. The determination of the projectum of a 3alid» wii^x 
honnded by planes, will evidently conaiac in Hwding the pro- 
jections of ita ed^es, by means of those of Its angular poiixts. 
Shonld, however, any of its honnding sapodcaes be cnrriiiiiear 
fi^ref^, their projections mnat be coastmctBd in a "««"«■• «m»^i*T> 
to that shown in Chap. 11. Prob. XL. 

2. A pohjhedron is a solid iigoze bounded by plane leeti- 
lineal fi^^res. 

A regular polyhedron has all its faces eqnal^ similar, rectzliiieal 
ii^iref<, and all its solid angles eqnaL Of sncli solids diace 
five (mhj. These are :— 

fcr.) The tetrahedron, bonnded by fonr eqnilafeend. triangii 
(fl.) The hexahedron or cube^ bonnded by six sqiiace& 
(y.) The ocfohedr-ort, bonnded by eight eqnilatearsdtriangli 
(d.) The dodecahedron, bonnded by twelve n^nlar pentagans^ 
(f.) The icosahedron, bonnded by tw^ity equilatBEsI tnangle& 

For definitions of other solids mentioned in. liiis duster, see 
Eiie. XI., definitions. 

Problem L 

To 60i)8trtict the projeetioiM of the tetrakednxi. 

Aflsnme the solid to be resting on one of its fines en tbe hori- 
zontal plane, 

I/et a h (Fig. 75) be one of the edges resting on tbe borizontal 
plane^ and inclined at any given angle a%oxy\ on ah describe 
the eqnilateral triangle ah e*^ find v the centre of the drcnm- 
ibing circle ; join av^l v^cv^v will be the plan of the vertex ; 
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a b c will be that of the base ; a v, b v, and c v, those of the 
edges meeting in v. 

From V draw v k perpendicular to v b ; with i^ as a centre, and 

Fiff. 75. 




radius b a, describe a circle cutting v kiak; k v will evidently 
be the perpendicular height of the pyramid. Draw a a', h b', c c', 
V v' perpendicular to 2; ^ ; make v' equal to v ik ; join a' v\ h' v\ 
d vf ; the figure thus formed will be the elevation of the solid. 



Problem II. 

To construct the projections of the cube. 

(a) Having one &ce horizontal : (5) having a face and one 
of its edges inclined at given angles : (c) having two contiguous 
edges inclined at given angles : (e^) having two faces inclined at 
giren angles. 

(a) Assume the solid to be resting on one of its faces on the 
horizontal plane. 

Let a b (Fig. 76) be one edge of that fiice. Describe on a b, 
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in the horizontal plane, the eqaare ah c d; thia will be the re- 
quired plan. 

. Draw a a', b 5', e cf, d d'^ perpendicular to a; ^ ; in these lines 
produced make a' a", V V\ d c", d' d'\ each equal to a 6. The 
figure a'' c" c'. a! will be the elevation of the solid. It would, 







Fig. 
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perhaps, be simpler to make a' a" equal to x y^ and through a" 
to draw a" cf' pwrallel to xy, 

(h) Let the face A B C D (Fig. 77) be inclined at an angle 
a to the horizon, and the edge A B at an angle /3 ; a 7/3. 

On X ^, a line of level perpendicular to the trace P Q of the 
plane of the base, make an elevation Q R of this plane ; in it place 
the line A P, whose plan is a P, inclined at an angle /3 (Chap. III. 
Prob. V.) ; construct the elevation d' a' d b' of the base, by turning 
the square A B C D through the angle a, thence find its plan 
abed. The elevations of the edges perpendicular to the plane 
P Q R will be perpendicular to Q R (Chap. I. 31), and equal in 
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length to the edge of the cube (Chap. I. 13) : draw d' df', a' a'', 
d c", h' h" perpendicular to Q R and equal to A B : join ft" d" : the 
figure h' d" will be the elevation, the plans of the points a", ft", 
c", df' will be the points in which perpendiculars to x y drawn 



Fig. 77. 




from these points cut the parallels to x y drawn from A, B, C, D. 
The construction is shown in the figure. 

(c) Let the edges D A, D C (Fig. 78) be inclined at angles a 
and (i to the horizon. 

On X y,aASL line of level, perpendicular to P Q, the horizontal 
II. I 
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trace of the plane containing the edges D A, D B detennined by 
Prob. XXX. Chap. III. make an elevation b\ c', a', d' of the base 
A B C D ; thence determine the plan abed, and complete the 
plan and elevation of the solid as in the preceding case. 

Fiff. 78. 




\V 



V 



(d) Let two contiguous faces be inclined at angles a and /3 
(Fig. 79). 

Assume the plane of the face, inclined at a to the horizon, to b6 
perpendicular to the vertical plane of projection, so that its trace 
P Q is perpendicular to a; y : take any point (p, p') in this plane 
-7 the vertex of a right cone, whose generatrix makes an angle 
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P with the horizontal plane on which it stands : draw the straight 
line (p rrij p' m!) perpendicular to the plane P Q R, find its trace 
m : from m draw the tangent P m S to the base of the cone : 
this will be the trace of a plane inclined at /3, and perpendicular to 
P Q R (see Prob. XXIII. Chap. II.) The line P 6 is evidently the 

Fig, 79. 




plan of the intersection of the planes P Q R, P S T, and therefore 
contains the plan of the edge between the faces whose inclina* 
tions are given : let P B be this intersection turned down into 
the horizontal plane ; make B C equal to the edge of the cube : 
on it describe the square B C D A, and complete the projections 
as in the two preceding cases. 

I 2 



:« 
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(u) Awmme the axk of the solid to be Tertical ; and let a 6, 
making an angle a with x y (Fig. 80) be one edge ; on it describe 
the flquare ah c d: draw the diagonals acyh d intersecting ini? ; 

'•» figure will be the plan of the solid, t; being that of the 

rmi V draw v t/' perpendicolar to rr y ; make t/ t/' equal to 
hijtmtA of the square abed bisect t/ v" in « ; draw d' V 
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parallel to o;^, and a a\ hh'j c c'^d d' perpendicular \o xy\ v' v" 
a', h', dj d\ will be the elevations of the angular points of the 
solid, whose elevation will be formed by joining v" rf', v" a', v" 6', 
v' d', v' a', v' b' : the elevations t/' & and v' d would be invisible. 

(5) Let the solid lie on one of its faces on the horizontal 
plane. 

Let advx be the face in the horizontal plane, and x y parallel 
to the axis passing through v ; then if a d' and Vi v'l are drawn 

Fiff. 81, 
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perpendicular to a; ^, a' v'l is the elevation of the face a d Vx 
Make a! V equal to an edge of the solid, V v\ equal to £?' t/| ; draw 
v\ v^ perpendicular to a' h' and bisected in O, join a' v and V v', 
thus completing the elevation. The plan may be at once con- 
structed as shown in the figure. 
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(c) Let two of the axes be inclined at a° and )3*'. 
' Find P and Q, the traces of the diagonals D B, A C, of the 
square A B C D, which are inclined a° and /3° respectively, make 
an elevation P Q R of the plane of the base AB C D (Chap. III. 
Prob. XXX.) on a; y at right angles to P Q : from o, the plan of 
the intersection of the diagonals D B, A C, draw o o' perpendicular 
to X y, and v\ o' v', perpendicular to Q R ; make o' v' equal to o v'^, 
equal to the semidiagonal of the square, v' and t/| will be the eleva- 
tions of the vertices of an axis. Through o draw vovx perpendicu- 
lar to I^ Q : draw vl v and v\vi perpendicular txyxy,v andvj being 
thus determined: join those points with a, b, c, d, the angular 
points of the plan of the square A B C D ; this completes the 
plan. The elevation may then be constructed as usual. The 
solution depends upon the principle (Chap. I. 31) that the axis, 
perpendicular to the base A B C D, being perpendicular to the 
plane P Q R, its projections will be respectively perpendicular to 
P Q and Q R. 

Problem IV. 

To construct the projections of the dodecahedron. 

Assume the solid to rest on its base, a b c d e (Fig. 83), on 
the horizontal plane, with the edge a b parallel to a; ^ : then if 
gy h, k, /,/be the middle points respectively of the arcs of the 
circle circimiscribing the pentagon a b cde, the pentagon ghklj 
will be the plan of the top face. Turn the pentagons, whose 
bases are a e and e d, about a e and e d until they take 
the positions a A B C e and e D E F (i in the horizontal plane. 
Draw thi^ough C and D vertical planes, whose trace? C G and D H 
are perpendicular to a c and d e respectively ; the point p in 
which these traces meet will evidently be the plan of the common 
exti'emity of the edges e C and e D, and will be situated on the 
radius M e produced, M being the centre of the circle before 
mentioned. With centre G and radius G C describe a circle, 
from p draw p K perpendicular to G C, and meeting this circle in 
K, p K will be the height of the point, whose plan is j9, above 
the horizontal plane ; join G K and produce it to L, so that G L 
is equal to N B, the height of one of the pentagons ; draw L P 
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perpendicular to G C : L P will be the height of the point 
B above the horizontal plane, that is the height of the top 

Fig. 83. 




B ^- 



- ' F 



face, and G P will be the distance of the plan of the point 
B from N measured along M ^ : if, therefore, N 5^ be made 
equal to G P, j will be the plan of the point B, and the line 
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p q will be the plan of C B : the plahs of the remaining angular 
points of the solid may be found in the same way ; but since 
the plans of all the edges similarly situated with G B, B A 
form a regular decagon, if a circle be described with M as a centre 
and radius M g^ and straight lines qr^ rs, 8t, tu^uv, vm^ mn^ 
no, opy each equal to p q, be placed round in it, and the angular 
points of this figure be joined with the corresponding points of 
the top and bottom &ces, the plan will be completed. To draw 
the elevation : on u a, drawn perpendicular to a;y, make y 1/ equal 
to pK,y u' equal to P L, and u' a equal to y t/, through a, ti', v' 
draw straight lines parallel to xy, the elevations of all the angles 
of the solid which are all situated on one or other of the lines 
a ^ u' q' v/ p'^x y may be found in the usual way. 

Problem V. 

To construct the projections of the icosahedron. 

Assume one axis of the solid to be vertical, and one of its 
edges parallel to the vertical plane of projection. 

Let a 6 (PI. L Fig. 6) be one edge of the solid ; on a ^ describe 
the regular pentagon (ah c d e, e^ a! d' h' d) in a horizontal plane, 
so that e! c' is parallel to a? y. Determine a point («, s') such that 
by joining it with the angular points of the pentagon ah c d ey 
five equilateral triangles will be formed. To effect this, 9 being 
the centre of the pentagon, describe on 8 h the right-angled 
triangle s ^ n, in which the hypothenuse 6 n is equal to 6 c ; an 
will be the perpendicular height of a pyramid whose base is the 
pentagon {ah c d e, ef a' d' V &). In a second horizontal plane 
describe the pentagon g h h I m equal to and concentric with the 
former, but having its angular points respectively in the middle 
points of the arcs of the circumscribing circle subtended by the 
sides of the pentagon ah cd e. To determine the distance of this 
second horizontal plane from the former one, join m e, describe 
on it the right-angled triangle m 0, having its hypothenuse m o 
equal to fit Z : e o will be equal to the vertical distance between 
the two planes. 

Join 8 c, 8 k, 8 d, 8 I, 8 e, s m, 8 a, 8 g, 8h,a g,gh,h h, h CyC ky 
k df d I, I e^m a\ this will complete the plan of the solid. 
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To finish the elevation, make d' s' equal to « n ; join s' e\ s' a\ 
i' d\ s' b'y a' d ; this will be the elevation of the pyramid whose 
base \&ah c d e\ in the perpendicular e e! make e' w! equal to 
e 0, draw through m' a straight line parallel to a; y and meeting 
the perpendiculars from /, d, k, and h in Z', g', k', h' : m' V g' h' W 
will be the elevation of the pentagon g h k Im: join a' m', a' gf ^ 
b' g', b' h'y V efy V d' ; k! d', k! c' ; this will complete the elevation 
of a zone bounded by ten equal equilateral triangles (constr.). 
The elevation of the solid may now be completed by drawing 
that of the pyramid whose base ib g h k I m, and vertex a', 8\. 



Problem VI. 

To construct the projections of a pyramid lying on one 
of its faces on the horizontal plane. 

Suppose the pyramid to be a heptagonal one, having its axis 
parallel to the vertical plane of projection, and consequently the 
plane of its base perpendicular to that plane. 

Let A B C D E F G, V (Fig. 84) be the plan of the figure 
standing on its base on the horizontal plane ; A B being the side 
of the base in contact with the horizontal plane, and, when pro- 
duced, meeting a; ^ at right angles in the point Q : B Q will 
be the horizontal trace of the plane of the base. 

Draw V m perpendicular to D E : V K perpendicular to V m, 
and equal to the perpendicular height of the pyramid : join m K : 
m K will be the slant height, and Y m K the profile angle be- 
tween any face and the base ; and therefore the measure of the 
inclination of the base to the horizontal plane. 

Through Q draw a straight line Q R, making with xyan angle 
£ Q y, equal to Y m K : Q R will be the vertical trace of the 
plane containing the base. The elevation of the base, a' c' d' e! ^ 
may now be found by Prob. XXIX. Chap. II. Make a' 'd equal to 
m K ; join v' «', v' d\ v' d ; this will complete the elevation of the 
solid. The plans a, b^ c, d, e, /, g and v, corresponding to the 
elevations a', i', c', d'^ e\ f, gf^ and r', will be found by drawing 
through the elevations perpendiculars to a; y (Chap. I. 30), and 
through A, B, C, D, E, F, G and Y parallebj to a? y. 
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Fig. 84. 




Problem VII. 

To construct the projections of a prism ; having given 
the inclination of the plane of its base^ and that of one 
edge. 

Let the prism be a hexagonal one : its base being the regular 
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hexagon, A B C D E F (Fig. 4, PI I.), assume the plane P Q R, 
containing the base, to be perpendicular to the vertical plane of 
projection : the plan, ah c def^oi the base A B CDE F, and its 
elevation a' h' f d e' d'y may be found at once by Prob. XXX. 
Chap. IIL The construction is omitted in the figure to avoid 
rendering it more complex. 

From a', ft', c', d', «',/, draw a' a'^, ft' ft'/, &c. &c., perpendicular 
to Q R : make a' a\ equal to the height of the prism ; through a'l, 
draw d ^ h' , f, d , d , d' ,^ parallel to Q R ; this will complete the 
elevation of the prism. 

To complete the plan it will be neces?ary to observe that the 
edges of the solid, being perpendicular to the plane P Q R, will 
be projected in straight lines perpendicular to P Q, the trace of 
that plane (Chap. I. 31). If therefore a straight line be drawn 
through a perpendicular to P Q, and one through a'^, perpendi- 
cular to 0? ^, the point a^, in which these lines cut each other, will 
be the plan of the point whose elevation is a' ,, The plans of the 
other angular points of the upper end of the prism may be deter- 
mined in a similar manner, and the plan of the solid will be 
completed by joining these points. Since, however, the projec- 
tions of parallel lines are parallel, after the point a! has been 
fountl, V may be found by drawing through a a straight line 
parallel to a ft and meeting B ft produced in ft^; a similar 
construction will give the other points. 

To construct an elevation of the prism on a third plane 
of projection, at right angles to the other two. 

Let t; u v' be this plane : turn it about the trace u v' into coin- 
cidence with the vertical plane of projection, as shown in the 
figure. 

Let A m, perpendicular to u v, meet uv in m: with ti as a 
centre and radius u m, describe a circle cutting xy inm' : through 
m' draw a straight line perpendicular to a; y, and through a' and 
a'y„ straight lines parallel to uy; the points a^, and a"^, in which 
these two lines respectively cut the former one, will evidently be 
the elevations of a and a^, on this third plane. The other points 
m»y be found in the same way. 
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Problem VIII. 

To construct the sectional elevation and plan of a 
pyramid standing on its base on the horizontal plane. 

Let the pyramid be a pentagonal one, b c, one edge of the base 
being inclined at an angle a to a; y (Fig. 85) ; on & c describe the 




m — 



regular pentagon be de a: find v the centre of the circumscribed 
circle : join v a, v b, v c, v d, v e; this will be the plan of the 
pyramid. Draw v vf perpendicular to a?y and make vf^ v' equal to 
the perpendicular height of the pyramid : draw a a\ h b', c c', d d', 
e € perpendicular tox y: join a' t/, ftV, & t/, d' v'j t' v' ; this will 
complete the elevation of the pyramid. 

(1.) To construct the elevation of a section made by a vertical 
plane whose trace m n makes an angle )3 with x y, let this trace 
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cut d e, e Vy avj ab in the points o, p, q, r respectively. Then o 
and r being points in the horizontal plane, their elevations will 
be in the ground line ; draw o o' and r r' perpendicular tox y^ o' 
and r' (Chap. I. 30) will be the elevations of o and r : also p and 
q are the plans of points in the straight lines whose elevations are 
a' vl and h' v' \ if therefore from p and q straight lines be drawn 




perpendicular to re y and meeting a' v' and V v' in p' and q : 
p' and 9' will be the elevations corresponding to p and g. Join 
^ P'j P' ?'> ?' ^ • ^6 figure 0' p' q' W will be the elevation required. 
(2.) Let the section be made by a plane perpendicular to the 
vertical plane : its trace m' n' making an angle Z with x y 
(Fig. 86), it is required to construct, the plan of this section. 
Let the trace m! n meet the elevations e' v\ a! v', d' vl ^h' v', d v* 
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in the points o'^'p\ q'^ r', «' respectively. The plans o, p, ^, r, 5, 
will be found by drawing o' o, p' p, q' q^r' r and a' 8 perpendicular 
to a: y (Chap. I. 30), and meeting ev^av^dv, bv^cvm o, p, q^ r, a 
respectively. The figure o pr a q will be the plan of the section. 

Note. — ^When in (1) the cutting plane is parallel to the vertical plane of 
projection, its trace, the line m n, will be parallel to x p: the elevation 
will then evidently show the section in its real magnitude. This would 
be the same as what is called a se^ional elevation on the line mn, 

Oba. — The plan of the entire solid is shown in Fig. 85 ; its elevation 
in Fig. 86. 

Problem IX. 

To construct the projections of a rectangular parallele- 
piped, having given the inclination of the plane of one 
facQ, and the plan on one side of that face. 

Let P Q (PL I. Fig. 5) be the horizontal trace of the ^ven 
plane, a its angle of inclination : a b the given plan of one edge, 
m and n the lengths of the edj^es coterminous with that edge. 

Find (Chap. 11. Prob. XXIV.) Q R' the vertical trace of the 
given plane : let the profile plane H R R' employed in this con- 
struction pass through the point b, and turn it about its trace H R 
until it coincides with the horizontal plane (Chap. I. 36\ Let 
H R R" be the profile plane in this position : M R" being its in- 
tersection with the given plane. 

Draw b B perpendicular to H R : with centre M and radius 
M B describe a circle cutting H R in B' : B' will be the position 
of the point, whose plan is ft, when the plane P Q R' has been 
turned about P Q into coincidence with the horizontal plane ; 
join a B' ; a B' will be the real magnitude of the edge given by 
its plan a b (Chap. I. 36). Draw a D perpendicular to a B' and 
equal to m : the plan of D, which is the point c?, will be found 
fct once by the construction shown in the Figure (Chap. I. 36). 
Complete the parallelogram abed; this will be the plan of the 
face in contact with the plane P Q R'. The edge perpendicular 
to this face and terminated in the point (b, &') being perpendicular 
to the plane P Q R' will be projected in R H, which is at right 
angles to P Q (Chap. I. 31) ; whilst on the profile plane this edge 
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will be represented in its real length B F, equal to n and perpen- 
dicular to M R" : draw F / perpendicular to H R; 5 /will be the 
plan of the edge in question. Then, since the projections of 
parallel straight lines are parallel, the plan of the solid may be 
completed by drawing the parallelograms abfe, e a dh, g h d Cj 
gfehj bfgc. 

To construct the elevation. Since the lines whose plans are 
a d and c (2 lie in the plane P Q K', their elevations will be deter- 
mined by drawing vertical planes through a d and c d : the point 
d' in which these elevations intersect will be the elevation of di 
draw c d perpendicular to a; y cutting d' d va d \ d will be the 
elevation of c : complete the parallelogram d h' d d'. The four 
edges perpendicular to the plane P Q R will have their elevations 
at right angles to Q R' (Chap. I. 31) : through a' V d d' draw 
istraight lines perpendicular to Q R' ; and through 6, fj g, h draw 
perpendiculars to x y meeting the perpendiculars to Q R' in d^fj 
^^ A'; these points will be the elevations of c,/, g, h (Chap. I, 
30). Join d fyf g^f g'hf, h' d \ these lines will complete the 
elevation of the solid, and should be parallel respectively to a! h\ 
V c', d d', d' a'. 

Problem X. 

To determine the projections of the intersection of a 
right prism by a given plane^ the real magnitude of the 
section^ and its development. 

The section of a prism by a plane is a polygon whose sides are 
the lines in which the faces of the prism are cut by the plane 
and whose angular points are the points in which the edges of 
the prism meet the plane. 

When the prism is vertical the plan of the section will be the 
base, and the problem reduces itself to Prob. XXXVIII. Chap. II. 
viz. given the plan of a polygon, to find its elevation and real 
magnitude. The construction for determining the elevation by 
Prob. IX. Chap. II. is shown in Fig 87, where ah cd eis the 
base of the prism and the plan of the section \ghk Im^e eleva- 
tion of the section. The real magnitude may be readily found 
by the above-named problem. 
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The development of the prism will evidently be a rectangle 
whose base is equal to the sum of the sides of the figure abed e^ 
and whose height is the height of the prism. Let A A' be this 
rectangle, so that A B =a&; BC = &c; CD = cd; DEs=de; 



Fig. 87. 




E A = 6 a. Through B, C, D, E draw perpendiculars to xy^ 
make A F — a' m: BG = b' g-, CH=:c'A; EL = 6' /: the 
line F G H K L F will be the development of the section 
(Fig. 88). 

Note. — The intersection of a right cylinder by a given plane may be 
determined by a simihir construction. This and some of the following 
problems may be simplified by assuming the trace P Q perpendicular to 

II. K 
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PlKOBLEM XL 

To find the projections of the intersection of a pyramid 
by a given plane : to determine the real magnitude of the 
section and its deyelopment. 

The section of a pyramid by a plane is a polygon whose sides 
are the intersections of the fiioes by the plane, and whose angular 
points are the points in which the edges of the pyramid meet the 
plane. 

Let P Q R (Fig. 89) be the given plane ; a 5 c the base of the 
pyramid, which is supposed to stand on its base on the horizontal 
plane, (v, t/) being the vertex. Complete the projections of the 
solid, as shown in the figure. 

The angle of the section situated on the edge (v a, t/ a') will 
be the point (o, o'), in which that edge meets (r »•. t' r'), the inter- 
section of its vertical projecting plane with the plane P Q £. The 
remaining angular points may be determined in the same manner ; 
and by joining these points the section (m n o, m' n! (/) will be 
completed (Prob. IX. Chap. U.) 
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The real magnitude of the section will be found at once by 
Prob. XXXVIII. Chap. II. 

The development will evidently consist of as many triangles as 
there are sides to the base. These triangles will have their bases 
equal to the sides of the base of the pyramid ; the vertex V (Fig. 
90) common, and the sides V A, V B, V C, equal respectively 

^.89. 




to the edges (va, v'a'), (vb, v'b'), (vc, v' (/). The lengths of 
these edges will be found, by turning them about the vertical line 

V t/ imtU they are parallel to the vertical plane of projection, as 
shown in Fig. 89 to be i/ a", v' 6", v' c". Make V A = v' a" ; 
VB = i;'ft"; AB = aft; BC = 6c; VC = t/c"; CA = ca; 

V A = v' a". This will be the development of the pyramid 
Draw o' o", m' mf\ n' n" parallel to xy, make V 0=v' o" ; 

K 2 
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VM = t/f»"; VN = t7'n"; VO = t7'o"; join OM,MN, NO. 
This will be the development of the perimeter of the section. 

NoTB. — ^The section of a right cone may be determined in a similar 
manner. 



Problem XII. 

To draw the plan and elevation of a cross lying on a 
given plane and inclined at a given angle. 

Let' P Q R (Fig 91) be the given plane, its horizontal trace 
being perpendicular to and its vertical trace making an angle of 
40,° with xy; in it place a line inclined at 30°, the plan of the line 
being A s, and the line itself when turned into horizontal plane 
being A C ; on this make A B equal to the length of the shaft of 
the cross, and complete the outline ADEGCBFof the cross in 
its real magnitude. The plans d, 6, g, c, b, f may then be found 
in the usual way : from these points draw perpendiculars tx) x y 
meeting Q R in <f, k'yf, b\ e', &, g% these will be the elevations: 
draw g^'g' perpendicular to Q R and equal to the thickness of 
the cross; draw g\ a^'y parallel, and a'ai'^ d'di'y Icfk^', ffi' 
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bbi\ e*ei\ c'c\\ perpendicular to QR; this completes' the 
elevation. Tbe plan naay be finished, and the elevation on the 
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third plane, whose traces are MN and NO, be drawn by a 
process similar to that in Problem VII. Chap. IV. 
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Exercises. 

1. One of the faces of a regular octohedron of 2 in. edge is 
vertical, and an edge of that face inclined at 20^. Draw a plan of 
the solid, and show upon it each even- numbered contour, 
making the lowest point zero. 

2. A square truncated p3rramid, the sides of the base and top 
measuring respectively 2^ in. and 1 in., and the axis of the trunk 
3 in., lies with one of its faces resting on a horizontal plane ; pro^ 
ject its plan. 

3. A solid, similar to that in Ex. 2, lies with its lower face 
resting on the upper face of the first solid, the plans of the axes 
of the two solids bisecting each other at right angles. Draw the 
plan of the second solid, and also an elevation of both on a plane 
at right angles to the axis of either. 

4. Find the intersection of a plane inclined at 40^ to the hori- 
zon with a cylinder, having for its bases circles of 1 inch in 
diameter, and standing in a vertical position. 

5. A hexagonal right prism, 9 feet long, each edge of the base 
measuring 2 feet, rests with one face on the horizontal plane. 
Draw its plan, and an elevation on a plane, making an angle of 
27° with the axis of the prism. Scale ^. 

6. A tetratiearon, with an edge of 2 inches, rests on one of its 
faces. Draw its plan, and a sectional elevation on any plane not 
passing through the apex, and not parallel to an edge of the 
base. 

7. Draw the plan of the frustum of a hexagonal pyramid, the 
side of the base being 1^ in., the side of the top 1 in., and the 
height 2^ in., one side of the base being horizontal, and the plane 
of the base inclined 27° to the horizon. 

8. A rectangular parallelepiped, 12 fl. by 10 fl. by 8fl., lies on 
its baae on a plane inclined to the horizon at an angle of 20°, the 
horizontal trace of the plane making, with the line of level, an 
angle of 25°. The projection of the longest side of the base 
(=12 ft.) is inclined to the trace of the plane at an angle of 10°. 
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Construct the horizontal and vertical projections of the body. 
Scale ^. 

9. The dimensions of a croRS are as follows : — 

Pedestal 3' x 3' and 1' in height; shaft V x 1' and 7' in 
height, 1' 3" of which is clear above the arms ; arms 1' x 1' in 
section, and 1' 6'' long. Draw a front elevation of the cross, its 
plan, and a section on a line crossing the arms diagonally. 
Scale ^. 

10. Construct a pentagon A B C D E on a side A B equal 
to 1*3 in. ; and considering this the base of a prism 2 in. high, 
standing on a horizontal plane, draw a vertical section on a line 
passing through A B. 

11. Draw an elevation of the prism in Ex. 10 on a plane, mak- 
ing an angle of 5° with one of the faces. 

12. A prism, 3 inches long, having for its ends regular hexa^- 
gons of 1 inch side, is laid on one of its faces. Draw the plan ; 
and an elevation on a line, making an angle of 30° with the side 
of the plan. 

13. Draw the plan of a pentagonal pyramid, resting upon the 
plane of its base, each side of the base being 2 inches long, and 
the height 3 inches. Draw an elevation of the pyramid on a 
vertical plane parallel to one of the sides of the base. 

14. Draw the plan of a frustum of a square pyramid : side of 
large end 2 inches ; side of small end 1 inch ; height 3 inches. 
Draw the elevation on a line making an angle of 40° with one 
side of the plan of the base. 

15. Draw the plan of the prism in Ex. 10, resting on one of this 
edges of its base : the ba»e being inclined to the horizon at an 
angle of 15°. 

16. Draw the plan of an octohedron, of 2*5 in. edge, lying on 
one of its faces ; and make a section and> elevation on any line 
sot parallel to a side of the plan. 

17. A prism, 2 inches high, the base of which is a hexagon 1 in. 
side, stands on a plane inclined at an angle of 40° to the horizon, 
and has one diagonal of its base inclined at 25° to the horizon. 
Draw its plan. 
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18. The face of a cube whose edge measures 2 inches, is in- 
clined 50° to the horizon, and one of the diagonals of this face 
25° ; project the cube. Draw a horizontal contour ^ inch verti- 
callj below the highest point of the cube, and make an eleva- 
tion of the cube on a vertical plane, parallel to any one of its 
diagonals. 

19. A right prism, each edge of which measures 15 feet, stands 
with its base, which is a regular pentagon with a side of 8 feet, 
upon a horizontal plane ; draw its plan and also its elevation on 
a vertical plane making an angle of 20° with any side of the base. 
Scale 5 feet to an inch. 

20. Supposing the prism in Ex. 11 to be oblique instead of 
right, its axis making an angle of 40° with the plane of the base, 
draw its plan and elevation as before. 

21. A plane is inclined at 46^° to the horizon ; on it is placed 
a tetrahedron of 3 inches edge, and having one side of its base 
inclined at 25°. Draw the plan and elevation, and contour the 
former at vertical intervals of '25 inches. 

22. Construct the plan of a hexagonal pyramid resting on one 
of its faces, its height being 35 feet, and each side of its base 15 
feet. Scale 10 feet to an inch. 

23. A dodecahedron, formed by two hexagonal pyramids joined 
at their bases, is laid on a face. Draw its plan ; also a sectional 
elevation on a line cutting the junction of the pyramids at an 
angle of 45°. Height of pyramid 2^ inches, side of base 1 cl- 
inch. 

24. Draw a plan, a cross section, and a front elevation of a 
cottage, 25 feet long, 15 feet wide (interior dimensions), walls 1*5 
feet thick, a door in the centre vf one side, 4 feet wide and 7 feet 
high, and a window on each side of it 3 feet wide, 4 feet high, 
and 4 feet above the ground. The walls of the cottage are 10 
feet high, the roof has two gables, and the ridge is 16*5 feet 
above the floor ; the eaves project 9 inches. Scale -^f. 

25. A cubical block of masonary 20 feet high, having a frontage 
of 17 feet, and a depth of 13 feet, is perforated longitudinally and 
transversely by semicircular arches, springing at the same height, 
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viz. 10 feet 6 inches, and intersecting each other. The piers are, 
in plan, 4 feet 3 inches square. 

Draw the plan of the structure, its front elevation, and a 
transverse section through the comer of the arch. Scale -J^. 

26. Construct the plan of a cube 2-5 inches side, having two 
of its adjacent edges inclined 30° and 40° to the horizon. Show 
the intersection with the cube of a horizontal plane 1 inch below 
its highest point. 

27. An octagonal right prism, (length 5 '5", diameter of base 
3'5",) stands on one end, and is cut by a plane inclined at 40°, 
the horizontal trace being parallel to one side of the plan, and 2*^ 
from it ; show the true form of the section. 

28. Draw the plan of the lower frustum when standing on the 
section above determined. 

29. Draw the plan and elevation of a cube of 2*5'' edge in any 
position, provided no edge is either horizontal or vertical. 

30. The plane containing two diagonals of an octohedron, 
(edge 3'',) is inclined at 50°, and one of these diagonals is in- 
clined at 37°. Draw the plan of the solid, and an elevation on a 
plane parallel to the second diagonal. 

31. A square prism 4 in. long, side of base 2*5 in., has the 
three angles A, B, Cof one end 5, 10, 25 units high respectively. 
Draw the plan of the solid. (Unit =*1 inch.) 

32. Determine the vertical section of the prism in Ex. 31, by 
a plane passing through its highest point and parallel to the 
horizontal trace of the base. 

33. Draw the projections of a cube of 3 in. edge, when two of 
its adjacent faces are inclined at angles of 45° and 60° to the 
H. P. What is the inclination of the third face of the cube 7 

34. A hexagonal pyramid, edge of base 1*6 in., axis 3'6 in., 
rests on one edge, and has the two adjacent faces equally in- 
clined. Draw its plan, and a section on a vertical plane passing 
through its highest point and making an angle of 30° with the 
plan of the axis. 
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S5, Draw anj three linea meetang in a point amd oontaimng 
obtofle anglefl : figure them so that thej shall represent a solid 
right angle. 

S6« The plana ah, a Cy a d of three indefinite lines contain 
angles of 110'', 120^', 130^ A B is inclined at SO"* ; determine 
the inclinations of A C and A D if they aie at right angles to 
each other and to A B. 

37. A cube, side 20 nnits, rests on an edge on the H. P. ; a 
face containing this edge is inclined at 40°. Draw its plan and 
eleration. 

38. Find the sectional deration of a right cone, height 30 
nnits, radins of base 5 units, which, standing on the horizontal 
plane, is cat bj a vertical plane passing throngh a point 3 nnits 
distant from the centre of the base. 

39. A pyramid 28 units high, on a square base of 9 units side, 
stands on a plane inclined at 35° to the horizon, one edge of the 
base being inclined at 25°. . Draw its plan and elevation. 

40. The plan, a h, of the diameter of a sphere, is 3 in. long, 
the point a is figured 25 ; 5, 50. Draw the plan of the sphere, and 
determine a plane touching it in the point B. 

41. The sides and ends of a barge, the plan of the top of which 
is rectangular, slope ^ aud f respectively. Determine the angle 
which they form with each other. 

42. A B C is an equilateral triangle of 3 in. side, V a point 
within it, 1*25 in. firom A; 2*5 in. from C. This is the plan of 
a pyramid standing on A B C ; V being figured 38, determine 
the true form of the face VAC, and the inclination of the face 
VBC. 

43. A regular pentagon, of 1*5 in. side, has two adjacent sides 
inclined at 20° and 37° : draw the plan of the pyramid of which 
this is the base, the axis being 3*5 in. long. Draw an elevation, 
the ground line being parallel to the shortest line of the plan. 

44. A pyramid, 4 in. high, has a pentagon of 1*5 in. side for 
its base ; represent it-^ 

(1) With an edge vertical. (2) With a face horizontal. 
(8) With two adjacent angles of its base and the opposite 
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one respectivelj 1 in., 1'75 in., and 3 in. above the hori- 
zontal plane. 

45. Draw the plan and elevation of a hollow parallelopiped ; 
height 3", base 2" by 2'5", two edges of base inclined at 35® 
and 45®. Thickness of material ^". 

46. A pyramid, 4 in. high, has for its base an equilateral 
triangle, A B C, of 3 in. side : the face V A B, is inclined at 65*^ ; 
V B C at 75°. Draw a plan and elevation, and find the inclination 
of the other &ce. 

47. A cube of 2*5 in. edge is turned in a lathe, on the three 
axes passing through the centres of opposite faces in succession. 
Show the solid remaining by a plan and two elevations ; one of 
them on a plane not parallel to a &ce of the cube. 

48. A right prism, the section of which is an equilateral tri- 
angle of 2 in. side, is 3 in. long. Draw the plan of the prism 
when one of its faces is inclined at 40°, and an edge in that face 
at 25°. 

49. The diagonals of a cube are 3*5 in. long, and one of them 
is vertical. Draw a plan of the cube, affixing the proper indices 
to its angles, the lowest one being zero. Determine the inclina- 
tion of the three under faces. 

50. The base of a right pyramid 4 in. high is a regular pen- 
tagon of 1^ in. edge. Draw a plan of the solid when the ad- 
jacent edges of the base and one face are inclined at 50° and 30° 
respectively. Draw also an elevation of the pyramid on a plane 
parallel to the edge inclined at 30°. 
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CHAPTER V. 

ON SHADOWS. 

1. Every deprivation of direct light produces on the surface 
of bodies an obscurity, more or less intense, which is termed 
a Shadow. The Theory of Shadows is based upon the principle 
that light proceeds in right lines. The determination of shadows 
comprises two entirely distinct parts; one of these consists in 
finding the outlines of shadows, the other relates to the depth of 
the tint to be assigned to each particular portion of the surfaces 
that receive the shadows. The former of these, as an application 
of Descriptive Geometry, will alone be treated of here. 

2. A Rat of Lioht is the term applied to that portion of 
light which may be looked upon as coincident with a straight 
line drawn from any point of the luminous body to a point of 
the object illuminated. 

3. If the luminous body be at a very great distance from the 
body illuminated, as, for example, the sun from the earth, the 
rays of light may, for all practical purposes, be regarded as 
parallel to one another. In the present chapter, all objects will be 
supposed to be illuminated by direct eolar light. The direction 
of the rays will be given by their inclination to one or more 
given planes. 

4. Shadows are divided into two kinds, Shadows Proper 
and Shadows Cast. A Shadow Proper is that which takes 
place on that portion of the opaque body which is turned away 
from the light. A Shadow Cast is that which is produced on a 
surface by the opaque body intercepting those rays of light which 
would otherwise illuminate that surface. 

5. The Line of Separation of Light and Shadow is the 
line which separates the illuminated portion of a body from that 
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which is not w) ; it is determined by the contact of luminous 
rays with the surface of the body, and is therefore the apparent 
outline of a body to a spectator whose eye is situated at a point 
infinitely distant from the body, on a straight line drawn from 
the body, parallel to the direction of the luminous rays. 

To determine the outline of the shadow cast by an opaque body 
upon any surface, it will be necessary to find the points in which 
the rays tangential to the body meet the given surface ; the line 
joining these points will be the outline required, 

6. The line of separation on a polyhedron is composed of 
those edges of the solid which are common to two faces, one of 
which is struck by the rays of light, the other not. For the face 
of a polyhedron is either wholly illuminated, or when other faces 
are interposed between its plane and the source of light, wholly 
obscure. It will therefore be evident that the line of separation 
on a polyhedron must be composed of those edges which separate 
the light &ces from the dark ones. The question of determining 
this line thus depends upon finding those edges. Now, two adja- 
cent edges of a polyhedron wiU manifestly be, one illuminated, 
the other not, when the plane drawn through their common edge, 
parallel to the direction of the luminous rays, leaves both of these 
&ces on the same side of it ; for the rays will reach the &ce in 
* front, but will not reach the face behind, because they are pre- 
vented from so doing by the first fece and others contiguous to 
it. If, on the contrary, the plane parallel to the rays of light 
enters the dihedral angle of two faces, these faces will be both 
illuminated when the angle is turned towards the luminous 
source ; both deprived of light when the angle is turned away 
from that source. It will easily be perceived that the plane 
drawn through an edge parallel to the rays of light, leaves on 
one side the two faces to which that edge is common, when the 
trace of that plane on the plane of projection is exterior to the 
angle formed by the traces of these planes on the same plane. 

In the following problems, when nothing is stated to the con- 
trary, the direction of the rays of light will be assumed parallel 
to the diagonal of a cube whose opposite faces are parallel to the 
planes of projection. The projections of the rays will then piake 
angles at 45° with the ground line. 



142 



ON SHADOWS. 



Let a ft «/ (Fig. 92) be the plan, a' If &d' the devatioii of a 
cube BO SLtuated ; then A' B will be the eleyation^ and A B the 



Fig. 92. 




plan of a ray of light coincident with the diagonal ; and it is dear 
that A B and A' B' are inclined at angles of 45^ \x>xy. 



Pbobleh a. 

To determine the shadow cast by a physical point upon 
the vertical plane of projection* 

Let R and R' (Fig. 93) be the projections of a ray of light, 
(a, a') the given point. 

Then, from what has been stated in the introductory remarks, 
it will be perceived that the shadow cast by the point upon the 
vertical plane will be the vertical trace of the ray of light passing 
'^^hrough the point. 
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Through (a, a!) draw a straight line parallel to (R, W) 
(Chapi II. Prob. II.) ; find the vertical trace, a, of this line 
(Chap. ir. Prob. III.) ; the point a will be the shadow required. 

Similarly, the shadow cast upon the horizontal plane may be 
found. 




Cor. Let (a h^ a! h') be a straight line ; then, since the shadow 
of a straight line upon a plane is a straight line, if the shadows of 
(a, a') and {h b'), determined as above, be a and b, the straight 
line a b will be the shadow cast by the line (a b, a' b') upon the 
vertical plane. 

Its shadow upon the horizontal plane may be determined in 
a similar manner. * 

Note. — If a straight line be parallel to a plane, its shadow upon that 
plane will be equal and parallbl to the line itself. {Euc. i. 33.) 



Problem B. 



To determine the shadow cast by a circle upon the 
vertical plane of projection. 

(1.) Let the plane of the circle be parallel to the vertical 
plane the shadow will then be a circle equal to the original 
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one. Find the shadow of the centre by Prob. A : with this 
point as a centre, and a radius equal to that of the given circle, 
describe a circle ; this will be the shadow required. 

(2.) Let the circle be perpendicular to the planes of projection ; 
its projections (which will be straight lines equal to its diameter, 
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and perpendicular to a; ^) being A B and C* D'. Describe the 
circle in both planes &a afb g and a' f V ^ \ divide these circles 
into equal parts and project the points of division upon A B and 
C D' respectively. Let the shadows of these points found by 
Prob. A be, a, d f, h, b, k, g, e, then the curve adfhbkge will 
be the shadow sought, c being the shadow of the centre. 
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Problem C. 

To determine the line of separation on a hexagonal 
pyramid and the shadows cast by it on the planes of 
projection. 

Let (y.ahcdef, v', a' h' d d' e! f\ (PI. II. Fig. 1) be the 
pyramid standing on its base on the horizontal plane, (v^ v') being 
the vertex. 

It is evident that the faces (v a f, v' a' f ), {v ef,t/ df) and 
(v e d, v' e' d') are the only ones that are illuminated ; (r a, t/ a') 
and {yd^ v/ d') will therefore constitute the line of separation; 
the elevation t/ a not being visible. The problem will be solved 
by tracing the shadow of the lines (a r, a'r') and (jdVj d' v'). 
To effect this find (Prob. A) V, the shadow of the vertex on the 
horizontal plane : join a V, d V ; this will .give the outline of the 
shadow cast upon the horizontal plane. If the pjrramid be suf- 
ficiently near the vertical plane, which will be shown by the 
point V falling above xy,9i portion of the shadow will fall upon 
that plane. When such is the case determine V, the shadow 
of the vertex on the vertical plane (Prob. A) : let a V and d V 
cut a; ^ in w and w respectively : join V'ai and V g; V w n will 
be the portion of the shadow falling upon the vertical plane. 

(Fig. 2, PI. II.) shows the shadow of a hexagonal prism, 
obtained in a similar manner, and consequently needing no 
explanation. 

Problem D. 

To determine the line of separation on a right cylinder 
with circular base, and the shadow cast by it on the 
planes of projection. 

Let the cylinder stand upon its base upon the horizontal plane. 
The determination of the line of separation reduces itself to 
drawing two tangents to the base parallel to the direction of the 
light, and to drawing through the points of contact two genera- 
trices of the cylinder 

II. L 
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Let abode and a' d d' a" be the plan and elevation of the 
solid (PI. II. Fig. 3), draw e m and h n parallel to R the plan of a 
ray of light and touching the circle a'b cd,inb and e ; draw ed' 
and h d" perpendicular to icy ; «' «" and d' c?" will be the line of 
separation, d d* being invisible. Let t m and b n meet xyini^ 
and n ; find (Prob. A) «, f, d\ c', ^', the shadows of points, in the 
upper end, on the vertical plane. The curve §' f d' & g' and the 
]ines ern^ g' u will complete the shadow thrown on that plane. 
Had the shadow fallen wholly on the horizontal plane, it would 
have been determined by describing a circle with the shadow of 
the centre for a centre, and touching hjn and Ag, as shown in 
the diagram. 



Problem E. 

To determine the line of separation on a right cone, 
and the shadows cast by it on the planes of projection. 

1. Let the cone (v^ abcde, v\ a' & )', (PL II. Fig. 4), stand on 
its base upon the horizontal plane. Determine, by Prob. A, v 
the shadow of the vertex ; from v draw v b and v c, touching the 
base in b and e ; this will give the outline of the shadow cast 
upon the horizontal plane. Join the points of contact e and b 
with V ; the lines (v e, v' e') and {v h, v' 6') will be the line of sepa- 
ration, v' b' alone being visible in the elevation. 

When a portion of the shadow falls upon the vertical plane it 
may be determined as in Problem C, 

2. Let the cone be inverted, v^abce and a' t/ d' (PI. IF. Fig. 5) 
being its projections. Determine q the shadow of the centre 
(Prob. A) ; with o as a centre and a radius equal to that of the 
base of the cone, describe the circle m ^ n ; from o draw o m and 
n, touching this circle in m and e ; this will complete the out- 
line of the shadow cast upon the horizontal plane. Again from o 
draw b and o e parallel to ^ m and q n ; the lines (v €,v' d) and 
(y b, v' b') will form the line of separation ; the elevation r' b' alone 
being visible. 

When a portion of the shadow falls upon the vertical plane, 
that part may be determined by finding the shadows of equi- 
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distant points in tbe base and tracAig an elliptical curve through 
them, in a manner similar to that in Problem B. 



Problem F. 
numerical example. 

To draw the shadow cast upon the horizontal plane by 
a solid formed of two pentagonal pyramids joined at their 
bases. The rays of light making an angle of 50® with the 
horizontal, and of 15° with the vertical, planes of projec- 
tion; edge of base '895 inch; perpendicular height 
of each pyramid 1*25 inches ; one edge of base making an 
angle of 34° 30' with vertical plane. 

Let Vi, ab cde (Fig. 6, PL II.) be the plan, and v\ a' v'g c' the 
elevation of the solid determined as shown in Chap. IV. 
. The line of separation found by the principle enunciated in 
Chap. V. 5, will consist of the lines (vj e, »' i e'), (v i ft, v' i b'\ 
(v 2 «, v\e')j and (v^ b, v\ b'). Through {y g, v\) draw a straight 
Une making an angle of 50° with the horizontal plane, and an 
angle of 15° with the vertical (Chap. II. Prob. XV.): find the 
horizontal trace of this line (Chap. II. Prob. III.) : let it be Vj ; 
vg will be the shadow of the point (vj, v\) (Chap. V. 5 ). The 
shadows e and b of the points {e e') and (6, b') will be found in the 
same way : join c V2, i Vg ; these lines will be shadows of the 
lines {v^ «,r' ^e') and {y^ ^j ^'2^') » ^he shadows of (v, e, v'l e') and 
{yi b,v\b') will be found by joining Vj e and v^ ft, because the 
point (vi v'l) is in the horizontal plane. 

Exercises. 

1. Draw the elevation of a cube of 2^ inches edge, lying on 
one of its faces, on a plane which makes an angle of 25° with 
another face of the cube : project also the shadow thrown by the 
cube on the plane on which it lies, the rays of light being parallel 
to the plane on which the elevation is taken, and making angles 
of 50° with, the horizon. 

L 2 
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2. Follow the instructions given in the preceding question, 
the cubie now resting on one of its edges, and a face containing 
that edge being inclined 25° to the horizon. 

3. Project the shadow which the frustum in Ex. 7, Chap. IV., 
will throw upon the horizontal plane passing through the lower 
edge of the base, the plan of the rays being parallel to that edge, 
and inclined 37° to the horizon. 

4. A pyramid with a pentagonal base, BCDEF, ofl^inch 
side, resting on a horizontal plane, has its vertex A 2 inches per- 
pendicularly over a point within the base, '88 inch from the angles 
at B and C. Draw the plan, and a section on a line joining the 
angles B and D. 

5. Supposing the rays of light to be parallel, and to form with 
the horizon an angle of 65°, give the lines of the shadow on the 
horizontal plane on which the pyramid in Ex. 4 rests, when 
one of the edges of the base is inclined to the rays of light at 
an angle of 45°. 

6. Project the shadow which the oblique prism in Ex. 20, 
Chap. IV., would cast upon the horizontal plane upon which it 
stands, the rays of light making an angle of 50° with the horizon, 
and being parallel to the axis of the prism. 

7. A square pyramid, of 2 inches edge, is placed with the ver- 
tex downwards and raised 1 inch above the paper. Draw its plan 
and its shadow when the rays are inclined at an angle of 30° to 
the horizon. 

8. Draw the plan of an octohedron, with the line joining the 
vertices in a vertical position ; and the elevation, on a vertical 
plane, the trace of which makes an angle of 35° with a side 
of the plan of the octohedron. Also the shadow thrown by 
a ray, making an angle of 40° with the horizon and 36° with 
side of plan. Put a flat tint on the shadow and on the faces in 
shade, darkening those most shaded. Edge of solid 2 inches. 

9. Draw the plan of a tetrahedron, the edge being 2^ inches, 
and a sectional elevation of the solid on any vertical plane not 
passingthrough the vertex. Determine the shadow thrown by the 
solid on the plane of its base, the rays of light being parallel to one 
edge of the base and inclined at an angle of 30° to the horizon. 

10. Project the shadow that would be thrown by the pyramid 
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in Ex. 22, Chap. lY., upon the horizontal plane upon which it rests, 
the parallel rajs of light making an angle of 54^ with the horizon, 
and a horizontal angle of 36° with the axis of the pjramid. 

11. Draw the shadow which would be cast by the frustum, 
Ex. 2, Chap. IV., on the horizontal plane, when the sun's rays 
make with the horizon an angle of 49°, their plans being parallel 
to the diagonal of the base of the solid. 

12. Draw the shadow which the prism in Ex. 10, Chap. IV., 
would throw on the plane on which it stands, supposing the rays 
of light to fall on one of the faces in a direction inclined at 45° 
both with its vertical and with its horizontal boundary. 

13. Project the shadow that would be thrown by the pyramid 
upon the horizontal plane upon which it stands, the parallel rays 
of light making an angle of 40° with the horizon. Ex. 13, Ch. IV. 

14. Draw the plan of a cylinder 3 inches long resting on its 
side, and project the shadow when the ray of light makes an 
angle of 40° with the horizon, and its plan an angle of 30° with 
the side of the plan of the cylinder. Diameter of end 2 inches. 
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CHAPTER VI. 

ISOMETRIC PROJECTION. 

This method of projection, based upon that of a cube situated 
with its diagonal perpendicular to the plane of projection, affords 
a means of representing objects in a manner somewhat re- 
sembling what is called a *' bird's-eye view." Its adaptability 
to this purpose was first pointed out by Professor Farish, of 
Cambridge. 

The term isometrical is applied to it because the projections 
of all straight lines parallel to any edge of the cube may be 
measured from the same scale. This is evident because such 
lines are all inclined at the same angle to the plane of projection; 
and, consequently, the projections of any two lines will have 
the same ratio as the lines themselves. 

This kind of projection is peculiarly suitable to the delineation 
of objects whose bounding surfaces lie in three planes which 
form a right trihedral angle. 

Problem. 

To determine the projection of a cube with its diagonal 
perpendicular to the plane of projection. 

Let O (Fig. 95) be the projection of the diagonal which is 
perpendicular to the plane of projection. 

Then the three edges which meet the Io^gt extremity of this 
diagonal will be projected in three straight lines passing through 
O, and making angles of 120° with one another. For these 
lines make equal angles with one another, and are inclined at the 
same angle to the plane of projection. Let these projections be 
O S, O T, O U. 
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To obtain the projectiona of the three edges coterminous with 
the upper extremity of the diagonal, it must be observed: (1) 
that O is a point in each of them; (2) that their projecting 
planes are the same as those of O 8, O T, O U; these pro- 
jections will, therefore, be found by producing S O, T O, U O, 
as O R, O P, O Q. 

It is thus seen that the six edges of the cube coterminous with 
the diagonal are projected in six straight lines radiating from O ; 




and that each of the angles S O P, S O Q, Q O T, T O R, R O U, 
U O P, is equal to one-sixth of four right angles, or 60° : also, 
that the projections of an upper edge and a lower one are in the 
same straiglit line. 

It remains to determine the magnitude of these projections, 
which will evidently be equal to one another. 

Let a b (Fig. 96) be the edge of the cube: draw 5 c at right 
angles to a 6 and equal to it: join a c: draw c eZ at right angles 
to a c, and equal to ab: a d will be the diagonal of the cube : 
complete the rectangle a c de: this will be the diagonal plane of 
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iLe cobe: acxid irlH be si X3^ s^es id liie pkiie of px>jectian 
vLen md i^ (Euc^ XL IK ) 

Drmw i* f iiiroii£^ a. perpeD^TCJET )d « ^: dimw e g perpen- 
dScnlar ^Difz « f viH naadfaachr be ^le prcvieciaoii of a e. 

Refrrrrng i^asi %> F^. ^ vidi oemze O sod ndius O A, 
eqpail to « ^, d^caibe a carcle ifiprnp ibe pn^ecdans in A, By 
CD,K,F: OXOBsOCOD, OE.OF viU be the pro- 
jectkott aiib^ sx eofiCB vii5c± meei ibe dn^onal wboae pro- 
jecSaoD is O. 

The frojecDOBxs of tbe iwnKrr . Tng sx edfiei must be the lines 
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A B, B G, C D, D E, E F, F A; which are equal to one an- 
other and to O A, because the tnangks A O B, B O C, ^c, are 
eqnilatefaL 

Cor. 1. The outline of the projecti<Mi of a cube is a regular 
hezagcm inscribed in the circle whose radius is equal to the 
projection of an edge. 

Cor. 2. The px>jection of each £m» is a rhombus, composed 
of two equilateral triangles; consequa[itlj its angles are 120^, 
120**, and 60^ 60**. 

Cor. 3. The ratio between a straight line and its isometric 
projection maj be thus determined. See Fig. 96. Let m = the 
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edge of the cube, draw e h perpendicular to a d. Then since a h 
^^b c^^n'^ a c = ny/2, and since c d^=n; a d^ny/S, {Euc, 
1.47.) 

Again {Euc, vi. 8) : 

2n 
ad : de 11 de I dh, .\dh= —=. 

s/6 

also, a(f : ae :: ae : aA, /. aA = --- 



and, dh : Bh\\ eh \ ah^ .'. eh = a/ r^ 



2n n ns/2 
X = — - — . 



a/3 V3' 



nsJ2_n - 
but ag^eh^ .\ ag= — -i=-q >/ 6 = 'SlBo n, nearly. 

The required ratio is, therefore, 3 : >/6 or 1 : '8165, nearly. 
Cor. 4. If 6 be the inclination of the edge, 

Cos = M= -8165, .-. e = 35° 16'. . 
ae 

If be the inclination of a face, 

Sin (^ = Cos = -8165, .*. tp = 54° 44'. 

Def, — The lines O P, O Q, O R, are called axes ; and lines 
can be projected isometrically only when they are parallel to 
some one of the lines projected in O P, O Q, O R. 
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Example 1. To construct the isometrical projection of a scale 
1 

Let a e d (PI. TI. Fig. 7) be a right-angled triangle, con- 
structed as in Fig. 96^ the side a e being 1 inch ; so that a d is 
the diagonal of a cube of 1 inch edge ; draw ^/perpendicular to 
a d; in a e produced set off e m = mn^ae=l inch : draw 
n/, mg, e I perpendicular U> kf: k ly I g, g f will clearly be 
the isometric projections of straight lines each one inch long. 
Divide a e into twelve equal parts, and draw through the points 
of subdivision straight lines parallel to a ^ : the line k f will 
thus be graduated so as to form a scale of -j^ if used for feet ; or 
of \ if used for inches. 
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Ex. 2. To oonstruct an iaomclaic scale of ^ to measure feet. 
Let the scale represent 10 feeL 

in. 

Then 50 : 10 :: 12 : No of inches in the length of scale. 

In. to. 

... lengths 12^0 = 24 

• 

Draw a line L (PL 11. Fig. 8) 2*4 inches long: divide it into 
five equal parts, each will show 2 feet: subdivide the first 
primary division into 4 equal parts, each will show ^ foot. The 
line L is, therefore, a scale of ^. 

To find the isometrio projection of this scale: draw a line M 
making with L an angle equal to the angle which a e makes 
with l:/(Fig. 7), and proceed as in Ex. !• These scales should 
be completed as shown in the diMgrams; their use will be 
exemplified in the following examples. 

Ex. 8. To draw the isometrical projection of a rectangular 

block of wood : out of which a circle has been cut, the centre of 

the circle coinciding with the intersection of the disgonals of one 

face of the block. 

ft. ft. ft. ft* 

Dimensions of block, 10 X 10 X 2-^. Badius of circle, 3. 

Scale, ^. 

Let e A, « a, «/(Pl. XL, Fig. 9) be the axes. Set off on these 

axes e h and e/, each equal to 10 feet measured on the scale in 

Fig. 8: complete the parallelogram e/^ A; this wiU be the 

ft. ft. 
projection of a &oe of the solid 10 x 10 : make e a equal to 2^ ft.; 

complete the parallelograms « a hf^ e a d h: these will be the 

ft. ft 
projections of two &ces each 10 x 2^; and the projection is com- 
pleted. The dotted lines h c^d c^cg are the projections of edges 
not visible. 

To draw the projection of the circular aperture. 

Let the diagonals A /and g e intersect in x: set off x m equal 
to X k, equal to 3 feet, taken firom the same scale as before: 
complete the rhombus k Imn: this will be the projection of a 
square of 6 feet side: it is required to construct the projection of 
the circle inscribed in this square, which will be an ellipse in- 
icribed in the rhombus klmn* 
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It is evident that o, p, q^ r, the middle points oi n kj k I, I m, m n, 
will be four points in this curve : its major axis will be situated 
in h f, and, being the projection of a straight line parallel to the 
plane of projection, will be equal to the diameter of the circle. 
If^ therefore, x she made equal to a; /, equal to 3 feet taken from 
the line L in the scale Fig. 8 : 8 and t will be the extremities of 
the axis major. 

The minor axis bisecting the major at right angles must coin- 
cide with eg: its extremities, u and v, will be determined bj 
drawing t Uj a u parallel to h g,fgy and meeting ^ in u; and 
t v,8 V parallel ix)he,fe, meeting e g iav: the figure v at u 
being the projection of a square inscribed in the circle. Eight 
points in the ellipse being thus determined, the curve can be traced 
through them. 

The projection of the circle in the face admh may be obtained 
by a similar construction. 

Fig. 10 is the isometric projection of a wooden tray 1 ft. 8 in. 
long, 11| in. broad, 5| in. deep, of material 1^ in. thick; on a 
scale of y^j. 

Fig. 11 is the isometric projection of a cylinder: height 7*5 
feet, radius of base 2 feet. Scale •^. 

These have been inserted as examples of the applicability of 
this kind of projection, though it has not been deemed necessary 
to append any explanation of the construction. 



Exercises. 

1. Give the ratio of a straight line to its isometric projection, 
and prove its correctness by a diagram. 

Draw the isometrical projections of the following objects :— 

2. A rectangular parallelepiped 12 ft. x 10 fl. x 8 ft. Scale -^j^. 

3. A flight of 10 steps, each 8 ft. long, 1 ft. wide, and 8 in. 
deep. Scale ^. 

4. A table 4 ft. long, 2^ ft. wide, and 2^ ft. high, the top 2 
inches thick, the legs 2 in. square, and fixed 1^ in. from the 
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outside of tbe table, with a circular hole 1-^ fV. in diameter in the 
middle of the top. Scale ■^, 

5. A hexagonal right prism, height 9 ft., side of base 2 fl. 
Scale ^. 

6. A table 4 ft. long, 2-^ ft wide, and 3 ft high, top 3 in. 
thick, legs 2 in. square. Scale ■^, 

7. A circle 2^ in. in diameter. 

8. A cylindrical box, made of ^ in. deal, the exterior diameter 
being 8 inches and the height 3 inches. Scale ^. 

9. A rectangular tray, 3 in. long, 2 in. wide, 1 in. high, and 
the sides ^ in. thick. 

10. A box 2 ft. square, and 1^ ft. deep, made of ^ in. board 
and having a circular hole 4 in. in diameter in each side and end. 
Scale ^, 

11. A piece of timber, 3 ft. long, 1^ ft wide, 3 in. thick ; a 
hole, in the shape of the frustum of a cone, is bored through the 
thickness in the centre of the length and breadth. The upper 
diameter of the hole is 1 ft., the lower diameter 4 in. Scale ^. 

12. The walls of a cottage, from which the roof has been re- 
moved, consisting of one room, of which the external dimensions 
are, length 15 ft., breadth 12 ft., height 10 ft. 6 in. In one of 
the long sides are two windows with semicircular heads, each 

5 ft. 6 in. high to the springing of the arch, 3 ft. 6 in. wide, 2 ft. 

6 in. from the ground. In one of the shorter sides is a doorway 
3 ft. wide, 6 ft. 6 in. high, reached by two steps, each 3 ft. long, 
1 ft. wide, and 6 in. high. The walls are 1 ft. thick. Scale :^^. 

13. Draw the isometrical projection of a clock face 2*5 feet in 
diameter, showing in correct drawing the twelve hours in Roman 
numerals 4 inches long and half an inch from the rim of the dial. 
Scale f 

14. Draw in isometrical projection a building ready to receive 
its roo^ of the following dimensions: length 30 ft., breadth 20 ft., 
height to eaves 10 ft., thickness of walls 2 ft. The end walls are 
imrried up as gables at 45°. At one end show a doorway 7 ft- 
by 3 ft., with flat stone lintel, having in front of it a step 2 ft. 
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wide, 6 inches deep, and projecting 6 inches each side of door- 
way ; also three triangular buttresses 2 ft. thick, running the 
whole height of the side wall, with bases of 3 feet ; the buttresses 
are equidistant from each other. Scale ->^» 

15. The plan of a certain solid is a circle of 2 inches radius ; 
its front elevation is a square of 4 inches ; its side elevation (i. e. 
on a plane perpendicular to the former) is an isosceles triangle, of 
4 inches base and height. Draw the isometrical projection of 
this solid. Scale -}-. 
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CHAPTER Vn. 

MISCELLANEOUS SXEBCISES. 

1. Draw a line inclined at 30° and making an angle of 45° with 
the vertical plane ; and a plane inclined at 50° and making an 
angle of 65° with the vertical plane, to contain the line. 

2. The horizontal trace of a plane makes an angle of 30° with 
the ground line ; draw the vertical trace on the supposition that 
the two traces really contain an angle of 65° ; thence determine 
the angles which this plane makes with both planes of projection. 

3. Draw a line A B, one inch long and inclined at 40° ; through 
A, draw a line perpendicular to A B, and inclined at 20°, and 
through B a line, also perpendicular to A B, but inclined at 30°. 

4. Draw the plan and elevation of an equilateral triangle ABC 
of 2*5 inches side, when its plane is inclined at 60°, and the side 
A B at 35° ; determine the inclinations of the sides A C, B C. 

5. Draw the figured plan and elevation of a square A B CD of 
2*5 inches side, (1) when the comers A, B, C, are at 1*1, 2, 2*9 
inches above the horizontal plane ; (2) when its diagonal B C' 
is inclined at 15°, and its diagonal A D at 38°. 

6. Draw a regular pentagon of 1*5 inches side, the plane of 
which is inclined at 50°, when one diagonal is horizontal, and 
show its elevation on a plane parallel to another diagonal, and 
determine the angle which the plane of the pentagon makes 
with the vertical plane of the elevation. 

7. Show, by its plan and elevation, an octohedron of 3*25 inches 
edge, when the edge A B is horizontal, and the face ABC 
inclined at 20°. 
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8. Three spheres of 15, 1, *5 inches radii lie on a horizontal 
plane, each sphere touching the other two ; represent them by 
their plans, and detenaine a plane touching all three. 

9. The lateral planes of a parallelepiped are given by their 
traces ; the base is in the horizontal plane ; the height of the 
solid is 35 units : draw its plan and elevation. Unit *1 inch. 

10. Draw the plan of a tetrahedron of 4 inches edge, when 
two sides of the base are inclined 5° and 19° respectively. 

11. Draw the plan of a right p3rramid with a square base, upon 
the plane of the latter : the faces are equilateral triangles with 
sides 15 feet each. Scale 4^ feet to an inch. Add an elevation, 
and a shadow, the inclination of the rays being 41°. 

12. Draw the plan and shadow (each on the plane of the base) 
of an oblique heptagonal prism, the axis of which makes an angle 
of 45° with the base. The height of the solid is 80 feet ; the 
scale Yhf ' ^^^ ^® ^^^ ^ ^ regular heptagon of 13 feet side. 
Make a sectional elevation on a plane passing through the upper 
extremity of the axis of the prism and inclined to the plan of 
that axis 45°. 

13. The lines joining three points, which are respectively 1, 1^, 
and 2^ inches above a horizontal plane, form a triangle, each 
side of which measures 2 inches in plan ; show how you deter- 
mine the real form of this triangle and the inclination of the plane 
containing it. 

14. Draw the plan of a right pyramid 2*3 inches high, in such 
a position that one of the diagonals of its base, which is a square 
of 2 inches side, may be inclined at 13°, whilst the other is hori- 
zontal ; and draw on it also two horizontal contour-lines at the 
levels of 1 and 2 inches below the apex. 

15. A plane cuts the horizontal plane at an angle of 45°; a 
second plane, cutting the horizontal plane at an angle of 20°, cuts 
also the first plane. The horizontal traces of the two planes meet 
when produced at an angle of 15°. Determine the inclination o£ 
the line of intersection of the first and second planes, and the 
angle which it makes with the horizontal of each plane. Name 
the scale of units adopted. 
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16. Draw an indefinite line inclined at 30^, and one plane, 
contaiuing that line, inclined at 50**, another plane also containing 
the line, but inclined at 65° ; determine the angle contained by 
these two planes. 

17. The plans of two lines contain an angle of 56°; one line 
A B is inclined at 40° ; at what angle is the other line A C in- 
clined, if the angle B A G is half a right angle ? 

18. Draw the plan and elevation of a cube of 3*25 inches edge, 
when the planes of its faces A B C D and A C £ G are inclined 
at 55° and 69°. 

Or when the edges A B, A G are inclined at 46° and 22°. 
Or when the comers A, B, G, are at 11, 20, 29 units above 
the horizontal plane. 

19. Express by its two projections, a point in each region of 
space and distant 20 units from the vertical, and 8*5 from the 
horizontal, plane. Also express by their figured plans 4 points 
each distant 30 units from x jf, two m the vertical plane and on 
opposite sides of the horizontal, and the other two in the hori- 
zontal plane, but upon opposite sides of the vertical. 

20. Draw the traces of two planes inclined 35° and 54° re- 
spectively to the horizontal plane, and making a dihedral angle of 
110° with each other. 

« 

21. If a right prism or cylinder be cut by a plane perpen- 
dicular to its base, the section will be a rectangle. Prove this. 

22. Gonstruct the plan of a right pyramid which has an axis of 
35 feet (scale -rfrs^) ^^^ ^ regular nonagon of 10 feet side for its 
base, upon the plane of one of the fiices of the solid. Add an 
elevation upon a plane inclined 34° to the plane of the axis. Draw 
also the section by a plane bisecting the axis and parallel to 
the elevation. 

23. Draw the plan of a right prism with hexagonal bases on 
the plane of one of the latter : the sides of the hexagons are 
4 feet each, and the height of the solid is 11 fiset, scale ^. Pro- 
ject the shadow on the plan by parallel rays inclined 36°. Make 
a sectional elevation on a plane bisecting two adjacent faces of the 
pnsm. 
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24. Represent by their figured plans the following lines :— 

A B 30 units long — inclined at 30®. 
CD30 „ „ „ 60°. 

EF30 „ „ „ 90°. 

25. Show by their scales of slope three planes : — 

One inclined at 30° ; one inclined at 50° ; the other inclined 
at 70°. 

26. Show the vertical trace of each of these planes on a plane 
making an angle of 25° with the horizontals of each. 

27. Show by its traces a plane inclined at 40°, containing a 
line inclined at 20° (the line to be shown by its plan and 
elevation). 

28. If a second plane inclined at 60° contains the same line, 
determine the angle the two planes would contain. 

29. Draw the plan and elevation of a prism 30 units long, 
with a regular pentagon of 10 units side for its base. 

Either when one edge of the base is horizontal, and the 
edges ai*e inclined at 20° ; or when one diagonal of the 
base is horizontal, and the edges are inclined at 50°. 

30. Determine the two projections of 2 points, one of which is 
12 units behind the vertical plane of projection and 6*5 units 
above the horizontal; and the other 15 units below the hori- 
zontal and 7 units in front of the vertical plane. 

31. Determine by their contours, or by their traces, planes 
inclined 45° and 30° respectively to the horizontal. 

32. Draw an equilateral triangle, side 35 units, figure the 
angles of the plan 12, 47, and 25, and determine the original 
triangle and the inclination of its sides to the horizontal plane. 

33. A truncated pyramid on a square base of 1*5 inches side, 
and the top sur&ce of 1 inch side, is 2*5 inches high. Draw a 
section on a line crossing the plan diagonally. 

34. Draw the horizontal projection of the truncated pyramid in 
Ex. 33, when its base is inclined at an angle 25° to the horizon 
and one of the edges of the base rests- upon the horizontal plane. 

IL H 
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35. Draw an elevation of the same solid when the edge which 
rests upon the horizontal plane makes an angle of 30° with the 
ground line. 

36. An hexagonal prism of 1*5 inches side, and 4 inches long, 
is to be shown by a plan and elevation in one of the following 
positions; — 

a. When a diagonal of the solid is vertical. 

b. When a diagonal is horizontal. 

c. When two opposite edges of the ends are vertically over 

each other. - 

37. If ^ is the area of any plane figure, and a, a' a!\ those of 
its projections on any three rectangular co-ordinate planes, prove 
that 

38. A square, ABCD, of 2*5 inches side, lies in a plane 
inclined at 35° ; the diagonal A C \& inclined at 30° ; draw the 
plan and elevation of the square on a plane parallel to the dia- 
gonal B D, 

39. Draw the plan of a regular pentagon A B C D E, of 
1*5 inches side, when the diagonals A D, B E are inclined at 
20° and 35°. 

40. Draw the plan of a cube of 2*5 inches side, in any oblique 
position ; on each of its six faces place a pyramid having for its 
base the face of the cube, its altitude being half the edge of 
the cube. 

41. Draw a triangle ABC, its sides being 3, 3*5, 4 inches; 
determine its centre of gravity F; join -4 V, B F, C F; figure 
the point F, 4*5 ; this is the plan of an irregular pyramid 4*5 
inches high, standing on its base ; draw an elevation on a ground 
line at right angles to B C. Determine the real form of the face 
B C V, Determine the angles contained by the faces A B Cy 
VB Cy&nd VA CjVB C. Draw the plan of the solid when 
suspended fix)m its comer A, 

42. A diameter N S oi & sphere of 2 inches radius is inclined 
at 53° ; show it in plan, and draw that of the great circle in 
which a plane inclined at 7P°, containing N S, cuts the sphere. 
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43. Supposing the great circle in Ex. 42 to be the meridian 
of Greenwich, determine the place of a town the longitude of 
which is 60° E., and latitude 40° N. 

44. A tetrahedron of 2" edge has one of its faces inclined at 
35°, and an edge in that f&ce horizontal. Draw its plan and 
elevation on a plane parallel to the horizontal edge. 

45. Draw the circle passing through the given points Z30, ^50, 
WgQ. (Im = mn =s nl=s 3''). 

46: Construct the scale of slope of the plane of points 
Z,M,Nm Ex. 45. 

47. The sides of a triangle are 1*5'', 2" and 2*5" ; the shortest 
side is inclined at an angle of 20°, and the 2" side, at 35°. There 
is also a square on each side. Draw the plan. 

48. Bisect the angle D E Fof the triangle ^u ^35/40 {de = 2", 
^= 2'h"yfd = 3'') : show the true form of this angle, and the 
inclination of its plane. 

49. An isosceles triangle has a horizontal base of W ; the 
vertical angle is 30°, and the plan of the same 90° : determine 
the angles of inclination of the sides. 

> 

50. A cube whose edge is 2*5'' has : — 

(1) one &ce inclined at an angle of 50° and an edge in 
that face inclined at an angle of 27°. 

(2) adjacent faces inclined at angles of 60° and 55°. 
Draw the plans. 

51. a3o is the centre of a sphere radius 2" ; h^^ and c^^ are 
given points : determine a plane through B and C to touch the 
given sphere (ah =:bc =:ac =^ 3"). * 

52. A cube of 3" side has one face inclined at 32° and one 
edge at 28°. Draw the projection of the solid, and contour it for 
every unit of altitude. Give a section of the figure by a plane 
passing through a diagonal. 

53. A right prism, 4 inches long, with hexagonal bases of 1*7 
inches side, has two of its faces horizontal ; required its plan, 

M 2 
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also its elevation on a plane inclined at 40° to the horizontal edges 
of the solid. 

54. Construct the section of the solid in Ex. 53 by a plane 
passing through the centre of the prism, and parallel to the given 
plane of elevation. Also draw the projections of the prism when 
a side of one of its bases is in the horizontal plane, and the &ce 
containing that side is inclined 37°. 

55. A cube of 3 inches edge has one edge in the horizontal plane, 
and the faces containing this edge equally inclined ; required — 

a. A plan of the cube. 

h, A vertical section by a plane having its horizontal trace in 
the diagonal of the plan. 

c. An elevation on a plane parallel to the plane of section. 

56. Given a right pyramid, height 100 feet, and base a regular 
heptagon of 22 feet side, scale ^^, required — 

a. A plan and elevation of the solid when its axis is vertical. 

h. Ditto, ditto, when the pyramid rests with one face on the 
horizontal plane. 

c. A vertical section, by a plane passing through the centre 
of the horizontal face, and making an angle of 45° with its apo- 
them. 

57. The edge of a cube is 32 feet ; draw its projections when 
the diagonal of the solid is inclined at 40°, and an edge adjacent to 
the same is inclined at 23°. Scale for plan yj^. 

58. A line 47-5 long, inclined at -j^g, is one edge of a prism, 
formed by the following planes : one inclined at ^ ; the second, 
also containing the line, inclined J in the opposite direction ; the 
third inclined ^ in the same direction as the line, the lowest 
end of which is 6 units vertically above the third plane, the 
horizontals of which are at right angles to the plan of the line. 
A plane, sloping downwards and outwards -}•, having its horizontals 
also at right angles to the line, terminates, at each end, this 
truncated pyramid. Show the whole by contours for every unit 
of level. Unit, -1 inch. 

59. The top of a small table is 3 feet long, 2 feet wide and 2" 
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thick ; it is supported on four legs, 3 feet long and 2" square, placed 
1'' back from the edges at the corners. A shelf beneath rests on 
rails framed into the legs, 6" above the floor ; three circular holes 
A!' in diameter are cut through the top to receive retorts, filter- 
ing glasses, &c. Show it in isometrical projection. Scale, \, 

60. Three forces, P, Q, i?, as 3 : 5 ; 6, act at a point A ; the 
angle contained between the directions of P and Q is 50°, 
between P and R is 70°, and between Q and E is 80°. The three 
forces do not lie in one plane. Determine by construction the 
resultant in magnitude and direction. 



Examination Papers. 

I. 

1. Two points, -/I, J5, are ^, 1'2" above the horizontal and 2" 
in front of the vertical plane, -B, -5" below the horizontal plane 
and 1" behind the vertical plane. Make a second elevation of these 
points on a vertical plane from which both points are equidistant 
2", and in front of it. 

2. A line 4" long inclined at 50°, is parallel to the vertical 
plane. Draw its projections. 

3. An indefinite plane inclined at 40°, is perpendicular to the 
vertical plane. Represent it. 

4. Two indefinite lines are at right angles ; one is inclined at 
50°, the other at 30°. Draw their plan. 

5. Two planes are perpendicular tx) each other ; one is inclined 
at 40°, the other at 60°. Determine the vertical traces of these 
planes with reference to a ground line x y, making equal angles 
with their horizontal traces. 

6. A regular pentagon of 2" side lies in a plane inclined at 50°, 
and one diagonal A (7 is inclined at 35°. Make an elevation on 
a plane parallel to the diagonal A D. 

7. Three comers of a cube of 2'5" edge are 0", 1", 1*5" above 
the horizontal plane. Make an elevation on a plane parallel to a 
diagonal of the solid. 
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8. Each of three indefinite straight lines is perpendicular to 
the plane containing the other two ; one is inclined at 50^, another 
^at 30°. Draw the plan of the solid angle formed by them. 

9. An irregular triangular pyramid has its six edges 1'6 in., 
1*8 in., 2*7 in., 3 in., 3*2 in. ; represent this solid when its 
longest edge is horizontal, and an adjacent face inclined at 30°. 

10. A cylinder 4 in. long, iis base 2*5 in. diameter, lies on its 
side on the horizontal plane ; a cone 4 in. high, its base 2*5 in. 
diameter, stands on its base and touches the cylinder in a point 
equidistant from its ends; a sphere 1*5 in. radius also lies on the 
horizontal plane and touches the cone and the cylinder. Bepresent 
the combination in plan and elevation. 



II. 

1. Define accurately the terms Plan, Elevation, Section,, and 
Trace. 

2. How many regular solids are there? Name them, and 
give a reason for their number being limited. 

3. Draw the plan and elevation of a point Aj which is situated 
above the H. P., 2" behind the V. P., and 3" distant firom x y. 

4. A point F is 3*25" above the H. P., 1 -5" in front of the 
V. P. ; another, Q, is 2" below the H. P., 8" behind the V. P. 
The distance between the projectors, along x y, is 2*5". Deter- 
mine the true length, the inclination and the traces of the line 
P Q. 

5. Show the plan and elevation of a straight line 3'5" long, 
inclined at 35° to the H. P., 42° to the V. P. 

6. The horizontal trace of a plane makes an angle of 30° with 
X y ; draw the vertical trace, on the supposition that the plane is 
inclined at 65°. Determine the true angle between these traces. 

7. A straight line is inclined 35° ; determine a plane to contain 
it and inclined 50°. 

8. The side of an equilateral triangle is 3'^ and inclined at 
an angle of 25° ; another side is inclined 45°. Draw its plan. 
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9. Complete the octohedron of which the triangle in Ex. 8 is 
a face. 

10. A right pyramid, 5 in. high, has its axis inclined at 50° 
and one diameter, 4 in. long, of its hexagonal base, inclined at 2b°, 
Draw its projections. 

11. Determine the sphere circumscribing the pyramid in 
Ex. 10. 

12. The edge of a cube is 3 in. ; Rome of the faces of the solid 
are inclined at 45°, others at 70°. Draw its plan. 



III. 

1. The three plane angles of a trihedral angle (a spherical 
triangle) are 35°, 40°, 50° ; determine its three dihedral angles 
(given the sides to find the angles by construction). 

.2. The three dihedral angles of a trihedral angle are 145°, 
140,° and 130° ; determine the plane angles (given the angles of 
^ spherical triangle to find the sides by construction). 

3. A circular table 3*5 feet in diameter and S" thick, is sup- 
ported by four legs 3 inches square and 3 feet long, these legs are 
at the corners of a square of 2 feet side ; show this table in Iso- 
metrical Projection. Scale y'^. 

4. A reservoir is to be excavated on the side of a hill, tolerably 
flat on its surface for the extent required and sloping equably ^ 
to the south ; the top of the reservoir is to be a horizontal circle 
30 yards in diameter in the clear, the centre being on the surface 
of the groimd. The southern half of the reservoir to be formed 
by an embankment, 3 yards wide at the top, and 1 2 yards wide 
at the level of the bottom of the reservoir which is to be 6 yards 
deep. The northern half to be formed by cutting into the hill 
at a slope of ^ ; show the work by a plan contoured for every 
two feet in level, adding a section of the work from N to S. 
Scale ^^. 

5. A sphere of 1*5" radius rests on the horizontal plane; 
determine its shadow cast by a light distant 8^' from th6 centre o£ 
the sphere, and 8'^ above the horizontal plane. 
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6. Prove that if an ellipse be the isometrical projection! of a 
circle, its minor axis, its isometrical diameter, and its major axis 
will be as 1 : >/2 : ^/3. 

7. Prove that if a line makes angles 0®, 0°, i^®, with three 
rectangular axes, cos^ + cos^ ^ +cos^ \// = 1, and that the same 
expression holds if 0, ^, and i// are the angles which a plane makes 
with three rectangular co-ordinate planes. 

8. Prove that the orthogonal projections of two diameters of a 
circle which are at right angles will be conjugate diameters of the 
ellipse, which is the projection of that circle, and hence deduce 
the equation d^ y^ + ft^ ^2 .— ^2 j2^ ^g ^^ equation to the curve 
referred to conjugate diameters, a and h being the semi-conjugate 
diameters. 



IV. 

1. The plan a 5, of the diameter of a sphere i& 8 inches long ; 
the point a is figured 25 ; &, 50. Draw the plan of the sphere, 
and determine a tangent plane at the point B. 

2. From a point a, figured 40, draw the indefinite straight 
lines, AB and AC, at right angles to each other, AB inclined 30°, 
and AC 20^ 

3. The horizontal trace of a plane makes an angle of 60°, and 
the vertical trace an angle of 35°, with x y ; draw a straight line 
parallel to the plane, and inclined at 20°, which shall pass through 
a point 2" high, and 2'' distant from the plane. 

4. Through a point 3" high and in the vertical plane of pro- 
jection, draw a line making an angle of 30° with that plane and 
an angle of 45° with the horizontal. 

5. From a point P, 20 units high, in a plane inclined at 50°, 
determine— 

(1) A perpendicular to the plane. 

(2) A straight line lying in the plane and having an inclination 
of 25°. 

6. Determine the inclination of the plane containing the lines 
^1) and (2) Ex. 5 to the plane inclined at 50°. 



I -. ,r 
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7. Draw an equilateral triangle of 3" side, and figure the 
corners 7, 16 5, 2t3 ; determine the plan of a point which is 3" 
distant from each comer. 

, 8. A pyramid 45 units high, with a square base of 5 units, 
stands on a plane inclined at 40° to the horizon, one edge of base 
of pyramid being inclined at 20°. Draw its plan. 

9. Represent ground sloping 1 foot in 15 by contour lines 
parallel to the edge of the paper. Number the contours from 
the bottom of the paper, commencing with 10 and onwards. At 
the 12th contour draw a line making an angle of 60° with it and 
35 feet long. This represents the trace of the crest of the parapet 
of a traverse, which is to be constructed of the following dimen- 
sions : — 

Command of parapet 8' 0" over 12th contour. 

„ „ 12' 0" at other end. 

Thickness „ 15' 0" 

Superior slope ^, exterior slope \, side slopes 45°. 
Banquette and other slopes as usual. 

Scale y|^. 
Construct and contour the traverse. 



V. 

1. Draw three lines meeting in a point and making oblique 
angles with one another. Figure these three lines so that they 
may be the plans of the edges of a solid right angle. 

2. A tetrahedron, 4" high, has for its base an equilateral triangle 
ABC of 3" edge. The face, VAB, is inclined at 65°, VBC at 
75°. Draw a plan and elevation, and state the inclination of the 
other face. 

3. Draw the plan of a pentagon of 2* 5" side from either of the 
following conditions : — 

a: When two diagonals are inclined at 35° and 45°. 

b. When one diagonal is horizontal, tlie other inclined at 50°. 

N.B. — The diagonals referred to meet at one angle of the 
pentagon. 
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4. Draw the horuontal trace a£ a plane, making an angle of 
35^ with the ground line, the Teitical tiaoe making one of 50°. 
Find the intersection with this plane of a line parallel to xy, 2" 
above the H. P., and 1-5" distant from the Y. P. 

5. Draw the plan of a line 4" long, inclined at ^, and two 
planes containing it, sloping in opposite directions, and inclined, 
the one at ^, the other at f . 

6. Find the angle between the two {Janes in Ex. 5. 

7 A square pyramid, the height of which is 4", and the edge 
of the base 2'', has its axis inclined at 60°, and one of the dia- 
gonals of the base at 15°. Its top is cut off by a plane inclined 
at 50° passing through the axis, 2" from the vertex. Draw the 
plan of the frustum. 

8. Draw the isometrical projection of a doorway 7 ft. high^ 
3 ft wide, in a wall 18 in. thick, having a semicircular top, and 
appioached by three steps, each 6 in. high and 1 fl. deep. 

9. One of the faces of a regular octohedron, of 2 inches edge, is 
vertical, and an edge of that iace inclined at 20° ; draw a plan 
of the solid, and show upon it each even-numbered contour, 
making the lowest point zero. 

10. From each extremity of a straight line A B, 2*' long, arcs 
A C, B C are described, with radii equal to A B. Draw the 
plan of the figure A C B when it lies in a plane inclined at 40°, 
A B being inclined at 25°. 

11. Project tlie shadow thrown by the fig. AC B in Ex. 10 
on a horizontal plane passing through its lowest angle, the light 
being supposed to proceed from a point 3'' vertically above the 
same angle. 

Cooper's Hill, 1875 and 1876. 

1. The horizontal traces of two planes, having inclinations of 
85° and 55° respectively, intersect at an angle of 60°. Determine 
the intersection of the planes, its inclination to the horizon, and 
the angle contained between the planes. 

'^ K tetrahedron (i.e. a solid bounded by 4 equal equilateral 
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triangles) of 3 inches edge, has one of its edges horizontal and aa 
adjacent edge inclined at 40°. Draw a plan of the tetrahedron, 

3. Explain the principle upon which isonietrical projection is 
based, and make an isometrical projection of two rails connected 
by fish plates. Draw also a sectional elevation on the giren line 
CD. (See J'yum 97, 98.) 

4. Eitplain the method of making a scale for an isometrical 
drawii^, and prove that the method is accurate. 

5. Draw the isometrical projection of a square truncated 
pyramid, the base of which has a side of 4 inches, the top a side 
of 2 inches, the height being 3 inchea. 

6. Draw an isometrical projection of the box shown in Figa. 
99 and 100. The lid is thrown back, asahown in section, and the 



Fiff. 100. 




top of the lower portion of the box ia covered with a piece of 
wood 1 inch thick, in which there are two circular holes of 1 foot . 
in diameter. 

Scale ^ fiill size. 
7. Draw a sectional elevation of the box, with the lid gpen, on 
the line CD. 

Scale ^ full nze. 
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N.B. — The drawings in 6 and 7 may be shaded with Indian ink, 
for which, if well done, extra marhe will he allowed. 

8. Two lines 3 and 4 inches long and inclined to the horizon 
at 25° and 55°, bisect each other at right angles. Draw the plan 
of the lines, and the traces or scale of slope of the plane contain- 
ing them. Determine the inclination of this plane to the horizon. 

9. Draw the plan of a cube of 3 inches edge, when one face is 
inclined at 40° to the horizon and an edge in that face at 20°. 



1877. 

1. The plane of an equilateral triangle, 3 inches side, is inclined 
at 35° ; one of its sides at 20°. Draw the plan. 

2. Draw a line parallel to the bottom edge of your paper. 
This represents the intersection of a vertical and a horizontal 
plane. From any point in this line draw two lines, one on each 
side, making with it angles of 45° and 70°. Thes^ lines represent 
the vertical and horizontal traces of a plane. Determine its 
inclination to both planes. 

3. Explain the nature of an isometric projection. In what 
respects does it differ from a perspective picture? For what 
purposes would you adopt it ? 

4. An ink' bottle of the form of a truncated square pyramid is 
made of | inch plate glass: side of base 3 inches; length of 
sloping edge 2 inches ; side of upper section 1 J inch. The top is 
a square prism of the same glass, hinged at one of the far sides. 
It lies open to its full extent. Draw the isometric projection. 

5. The plan of an equilateral triangle of 3 inches side is a 
triangle having two of its sides 2^ and 1^ inches, and the in- 
cluded angle 70°. Determine the scale of slope (or the traces) 
of the plane, in which the triangle lies and the inclination of this 
plane, and of the third side of the triangle, to the horizon. 

6. Draw the plan of a right hexagonal prism 4 inches long, of 
which each side of the base measures 1^ inches, supposing one side 
of the base to rest on the horizontal plane and a face containing 
that side to be inclined 50° to the horizon. 
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1. Draw the plan of a line 3 inches long inclined at 40° to the 
horizon, and draw a plane, coDttuDing the line and inclined at 65° 
to the horizon. 

From one estretnity of the plan of the line draw the plan of a 
perpendicular to the plane, the perpendicular being 2^ inches 
long. 

2. Draw the plan of a right triangular pyramid, the height 
being 4 inchee, and the edges of the base 3 inches, the asia being 
inclined at 30° to the horizon, and one edge of the base being 
horizontal. Draw also a true form of the section of the pyramid 
made by a vertical plane passing through the centre of the axis, 
and perpendicular to its plan. 

3. Two planes inclined to the horizon at 40° and 60° respec* 
lively have a common intersection inclined at 25° to the horizon. 
Determine the true angle conttuned by the planes. 

From the same point in the common intersection draw a line 
in each pbne inclined at 30° to the horizon, and determine the 
true angle contained by these lines. 

4. Make an isometric projection of the txay and jars shown in 
the accompanying diagrame. 

Fig. 101. 



True scale ^. 
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